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Abstract

Benchmarks are instrumental in the development of Sparse Autoencoders (SAEs).
There is a lack of benchmarks that isolate performance on individual feature struc-
tures and can reveal failure modes invisible to aggregate metrics. We introduce
ToyBench, a synthetic benchmark consisting of eight different feature distributions,
covering known and plausible phenomena in LLMs. We train autoencoders to
compress these distributions into lower-dimensional representations. Autoencoder
design non-trivially affects SAE performance, such as F1 scores, even for simple
feature structures. No SAE dominates across the whole benchmark, even standard
ReLU SAEs perform best on some distributions. ToyBench complements exist-
ing benchmarks by providing per-structure diagnostics that pinpoint SAE failure
modes.

1 Introduction

Understanding the internal representations of Large Language Models (LLMs) has been the central
goal of mechanistic interpretability. Models represent more features than they have embedding
dimensions in a phenomenon known as superposition Elhage et al. [2022b]. This obfuscates the
interpretability of the embedding space.

Sparse Autoencoders (SAEs) have emerged as a promising tool for extracting features from superpo-
sition Bricken et al. [2023], Gao et al. [2024]. However, they still exhibit a variety of failure modes,
such as splitting, absorption, hedging, incomplete recovery, and misattribution, even in simplified
settings Bricken et al. [2023], Chanin et al. [2025b,a], Chanin and Garriga-Alonso [2026].

In LLMs the lack of ground-truth features and limited knowledge of their geometric structure, beyond
isolated examples, makes it difficult to precisely evaluate and improve SAE architectures. We use
autoencoders as toy models.2 This provides a controlled setting, where ground-truth features are
known by construction and in which feature distributions can be varied and studied systematically
Elhage et al. [2022b], Henighan et al. [2023], Jermyn et al. [2022]. Moreover, known ground truth
allows us to define metrics that directly capture interpretability properties we care about, rather than
relying on proxies, such as autointerpretability scores Paulo et al. [2025] and concept disentanglement
Karvonen et al. [2024].

SynthSAEBench Chanin and Garriga-Alonso [2026] has made an important contribution by providing
a benchmark of synthetic ground-truth features with correlational and hierarchical structures. We
believe this work can be complemented by focusing on smaller stylized feature distributions to
perform fine-grained assessments and better disaggregate failure modes.

We propose ToyBench, a benchmark containing eight different feature structures capturing known
and plausible phenomena in LLMs, including multi-dimensional features, and features living on

∗Equal contribution.
2We point out that we differentiate between sparse autoencoders (SAEs) and autoencoders (AEs). When

referring to autoencoders (or AEs) we will always mean the toy model of the residual stream.

Preprint. Under review.
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Figure 1: ToyBench provides a suite of stylized feature distributions to test SAEs. The synthetic
setup gives access to ground-truth that is inaccessible in real models. The autoencoder (AE) enforces
the linear representation hypothesis and is trained to be more realistic.

manifolds. To obtain realistic embedding spaces, we train toy autoencoders to compress these feature
distributions into lower dimensional spaces.

Contributions

Distributions There exists a sharp threshold for parent-child cosine-similarity in hierarchical
distributions. We also show that simplices are a possible explanation for feature splitting. Finally, we
observe that across all distributions the feature correlation and interference have a positive relationship
(Section 4).

Impact of training the AE We show that the relative positioning of features in the embedding
space affects SAE reconstruction. SAE F1 scores are ∼ 50% higher on feature arrangements trained
by autoencoders than on randomly constructed feature directions (Section 5.1). We argue that trained
distributions should be preferred as they more plausibly mirror what arises in real networks and carry
structure that SAEs can leverage.

Benchmark We assemble ToyBench, a selection of trained distributions covering different aspects of
known or plausible feature structures into a benchmark. We report and compare performance metrics
for current state-of-the-art SAEs. No SAE architecture reaches the best theoretical performance.
Furthermore, no SAE dominates across all distributions (Section 5.2).

Library We release occhio3, the Python library used to generate our benchmark. It enables
researchers to train autoencoders on their own variations of feature distributions, explore the resulting
embedding spaces, and evaluate interpretability tools on them (Section 5.3).

2 Background

2.1 Features

We use the word feature to refer to an identifiable high-level concept. In neural networks, features
are concept whose representation helps reduce the training loss and, in many settings, improve
generalization. In our toy model setting, we can precisely control the features by construction.

When training a neural network, it may need to represent more features f1, f2, . . . , fN , than it has
dimensions d. In this case it will not be able to allocate a dedicated dimension to each feature. Instead,
the model typically learns to represent more features than it has dimensions by placing the features
non-orthogonally in the intermediate layer. This is called superposition.

3Available at https://docs.occhio.dev.
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Superposition leads to interference between features, i.e. reading from one feature might also activate
other unrelated features. Non-linear activations can suppress this interference, and together with
feature sparsity, are required for superposition to emerge Elhage et al. [2022b]. These phenomena
are well established and have been observed in the residual stream of LLMs Scherlis et al. [2022],
Elhage et al. [2022a], Henighan et al. [2023], Elhage et al. [2022b].

2.2 Toy models

Initial work studying feature superposition relied on simplified assumptions about the feature dis-
tribution, primarily studying superposition using features that are independently and identically
distributed.

More specifically, Elhage et al. [2022b], Henighan et al. [2023] study input features fi ∼
SparseUniform(p, [0, 1]) := Bernoulli(p)×Uniform([0, 1]), which we refer to as the sparse uniform
distribution. We will usually consider the situation where pi ∼ (1 + i)−α. We call this the zipfian
distribution.

They encode this distribution using a simple autoencoder with tied encoder and decoder weights
W ∈ Rd×N , where N ∈ N is the feature dimension, and d < N is the dimension of the embedding
space. Tying weights forces the decoder to read from where the encoder has written, makes directions
in embedding space unambiguous, and empirically improves autoencoder performance.

Encoder: h = Wf Decoder: x̂ = ReLU(W⊤h+ b)

= ReLU(W⊤Wf + b).
(1)

We use the above autoencoder setup throughout this paper.

Previous work has shown that despite their simplicity the above model can exhibit surprising com-
plexity. For any given feature the model can choose not to represent it, represent it orthogonally to
all others, or place it in superposition with other feature(s). This phase change is sharp Elhage et al.
[2022b].

Instead of training autoencoders, some previous work has used randomly initialized weight matrices
W Chanin and Garriga-Alonso [2026], Chen et al. [2026]. To improve on this, Chanin and Garriga-
Alonso [2026] perform several orthogonalization steps after initialization, independent of any training
data. We refer to such autoencoders as constructed.

2.3 Sparse Autoencoders

Sparse Autoencoders (SAEs) have emerged as a tool to disentangle superposition by decomposing
the original representation into a sparse set of latent feature directions. These sparse firings are
more interpretable than the underlying space. In this sense the SAE can be seen as the inverse to the
autoencoder.

Let ddict ∈ N be the dimension of the SAE latent space. Let V ∈ Rddict×d and D ∈ Rd×ddict be the
SAE encoder and decoder. D is also called the dictionary or decoder matrix. The sparse latent
s ∈ Rddict and the reconstruction x̂ are computed as s = ReLU(V (x− bd) + be) and x̂ = Ds+ bd.
When training the SAE we use the loss function ∥x− x̂∥22 +λ∥s∥1, where we enforce the columns of
D to have unit norms. This prevents the SAE from trivially decreasing the L1 penalty by shrinking
∥s∥1 through rescaling.

Problems Despite assuming the Linear Representation Hypothesis (LRH), SAEs do not work well
even in situations where the target space follows LRH by construction Chanin and Garriga-Alonso
[2026]. When the feature distribution departs from i.i.d. assumptions, such as those with correlational,
conditional, hierarchical, compositional, or relational structure, SAE performance degrades further
still.

For example, Bricken et al. [2023] show that SAEs trained on hierarchical distributions are susceptible
to feature splitting. Related, Chanin et al. [2025b] demonstrate feature absorption, and Anders
et al. [2024] show feature composition. As a result, the success of sparse dictionary methods is
influenced by the statistical and compositional structure of the features that gave rise to the original
representation.
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The study of these failure modes in toy models, and the geometric structures that drive them, remains
underexplored. We study a family of parametrizable feature distributions and investigate how the
geometry of learned representations affects downstream SAE performance, extending the results
of Elhage et al. [2022b] and Chanin et al. [2025b] to correlated, hierarchical, and higher-dimensional
settings.

3 Methods

We use two families of metrics: embedding space characterizations that describe the learned feature
geometry independently of any dictionary, and SAE metrics that measure how well a trained SAE
captures the underlying features. For SAE evaluation, following O’Neill et al. [2025], Chanin and
Garriga-Alonso [2026], we match ground-truth features to dictionary elements using an optimal
bipartite matching M that maximizes MCC.4 For the F1 score, we count a true positive (TP) when an
SAE latent fires together with its matched feature; false positives (FP) and false negatives (FN) are
defined analogously.

Table 1 summarizes the metrics we report. All MCC and F1 depend on the matching M .

Metric Definition Notes

Embedding
norm ∥Wi∥ Norm of feature i’s embedding vector. Usually fea-

tures cluster near 1 (learned) or 0 (abandoned).

Interference Iij = (Ŵi ·Wj)
2

Overlap between features i and j. Total interfer-
ence

∑
j ̸=i Iij captures how much feature i inter-

acts with all others.

MCC 1

min(N, ddict)

∑
(i,j)∈M

Wi ·Dj

∥Wi∥∥Dj∥
Measures the alignment of the dictionary directions
with the AE directions.

R2
1− E[∥x− x̂∥22]

Var(x)

How well x̂ reconstructs the embedding space.
R2 = 1 corresponds to perfect reconstruction.

F1
2 · Precision · Recall
Precision + Recall

Measures predictive performance. Harmonic mean
of precision and recall. Computed per-latent and
then averaged.

Table 1: Metrics used throughout the paper. The top block characterizes the embedding space; the
bottom block evaluates SAEs, where M is the optimal bipartite matching between features and
dictionary elements.

4 Distributions

Table 2 summarizes the synthetic feature distributions used in this paper and the structural phe-
nomenon each one targets. Full definitions and justifications are given in Appendix A.

For the purpose of building intuition we will investigate the Hierarchical Pairs and Simplicial Complex
distributions in additional detail. When referring to the embedding geometry we are referring to the
embedding learned by a trained autoencoder (Equation 1).

4.1 Hierarchical Pairs

Geometrically, we notice that parent-child pairs prefer to be roughly orthogonal, and the feature
directions collapse quickly if there is not enough space for them to be orthogonal. The intuition is
that samples in the latent space are 45◦ apart when the feature vectors are orthogonal (Figure 2a). If
the feature vectors are closer together, the autoencoder cannot differentiate them and collapses the
features.

4See Appendix B for more details on matching features.
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Distribution Purpose

Zipfian Serves as the baseline distribution: sparse uniform features with power-law firing
probabilities pi ∝ (1 + i)−α.

Correlated Pairs Isolate the effect of pairwise correlations, which have been observed between
features in LLMs.

Hierarchical Pairs Models parent-child feature hierarchies seen in LLMs.
Preferential Attachment Power-law feature connectivity and cascaded activations. Mimics the scale-free

interaction networks.
Simplicial Complex The natural geometry for probability distributions and for triangulated approxi-

mations of smooth manifolds.
Deep Hierarchy Generalize hierarchical pairs to deeper DAGs in which features may have multiple

parents and activations propagate upward to the root.
Spherical Place features on a sphere to study how SAEs handle low-dimensional continuous

feature manifolds.
Torus Extend the spherical setup to a torus, probing SAE behavior on product-manifold

geometries with more complex topology.

Table 2: Synthetic feature distributions used in this paper, together with the phenomenon each one is
designed to probe.

The same geometry also provides insight into the phenomenon of absorption Chanin et al. [2025b].
Absorption occurs exactly when the SAE learns the joint parent + child direction instead of the child
direction. We also validate their finding that full absorption only occurs when the spread in the parent
+ child direction is sufficiently low. The spread is controlled by β, where β = 0 corresponds to no
correlation in the firing magnitude, i.e. the widest spread.

Looking at the parent-child separation when multiple hierarchical pairs must be learned, we find a
sharp phase transition in firing probability and β, which controls the similarity of firing magnitudes
(Figure 2b). Hierarchical pairs take up more space compared to the sparse uniform distribution, as
their feature directions require more separation.

parent

child

 

 

parent+child

b_dec

AE features
SAE latents
Joint Firing
SAE bias

(a) The SAE’s child latent absorbs the parent direction rather
than learning the child alone. Samples lie along parent-only and
parent+child axes, which higher β concentrates.

(b) Parent-child angle exhibits a sharp phase
transition in (β, p): pairs flip from orthogo-
nal to collapsed. 8 features in 4 dimensions.

Figure 2: Hierarchical Pairs: the SAE absorbs parents into child latents (left), and parent-child
separation undergoes a sharp phase transition (right).

4.2 Simplicial Complex Distribution

We find that the autoencoder learns to represent simplices as equilateral triangles when possible
(Figure 3a). When simplices are glued together, each simplex tends to be oriented so that the line
from the origin to its centroid is normal to the simplex surface, i.e. each simplex is approximately
tangent to a sphere centered at the origin.
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When an SAE does not have capacity to learn every feature, it learns to represent a whole simplex in
a single dictionary entry (Figure 3b). This occurs when the SAE width is less than the total number
of features.

Encoded samples
Vertices

(a) The autoencoder embeds each simplex as a near-
equilateral triangle. 9 features in 3 embedding dimen-
sions.

(b) Under-capacity SAEs collapse whole simplices
into single latents. One-hot activations at the 75%
quantile; simplices as in Figure 3a.

Figure 3: Simplicial Complex: the autoencoder embeds simplices as equilateral triangles (left), and
under-capacity SAEs collapse whole simplices into single latents (right).

4.3 General Observations

Across all distributions studied in this paper (except Zipfian), we observe a positive relationship
between the empirical correlation of features and the interference of their learned representation in
the trained autoencoder. Table 4 shows this relationship for each distribution.

This is intuitive: correlated features are likelier to fire together, so the model incurs less loss from
placing them in higher interference configurations. The sparse uniform distribution is the exception,
as it has no correlations between features by construction, and accordingly the measured trend is zero.

Distribution Zipfian Corr. Pairs Hier. Pairs Deep Hier. Pref. Att. Simplicial Spherical Torus

Corr % 0.0 2.9 3.7 19.0 10.3 22.3 11.8 13.5
95% CI ±0.5 ±0.5 ±0.4 ±0.4 ±0.5 ±0.4 ±0.4 ±0.4

Figure 4: Empirical feature correlation is positively associated with learned-embedding interference
for every distribution except Sparse Uniform, which has no correlations by construction. Values are
correlations with 95% CI.

5 Results

In Section 5.1 we compare constructed with trained autoencoders on the Zipfian distribution. Our
findings will motivate some of the design decisions of the benchmark, which we discuss in Section 5.2.

5.1 Constructed and Trained Autoencoders

SynthSAEBench Chanin and Garriga-Alonso [2026] made meaningful progress in evaluating SAEs
against toy models with known ground-truth feature structure, enabling principled measurement of
failure modes that are difficult to quantify in natural language data.

One way we depart from their approach is by training the autoencoder in Equation 1. SynthSAEBench
constructs W by orthonormalizing after random initialization.5 This distinction, as we show below,

5Additionally, we allow all autoencoders, to learn decoder bias b. This does not affect the embedding space
directly, but it does mediate its behavior. See Appendix C.
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meaningfully affects the downstream performance of an SAE trained to reconstruct the toy model
embedding space, even in the simplest zipfian case. We explore the geometry that causes this behavior
in Appendix C.

SAE comparison To test SAE performance on trained vs constructed autoencoders we run a sweep
across target L0

SAE
6 (Figure 5). We also include a trained autoencoder with unit-norm columns in

W as an additional ablation, henceforth ‘unit-norm’. For any fixed L0
SAE the SAEs fitted to trained

autoencoders have a higher F1 and MCC score. At the peak the SAEs fitted to trained autoencoders
outperform by around 50%.
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Figure 5: ReLU SAEs perform better on trained AEs relative to constructed AEs across all metrics.
Run across 5 seeds. Shaded area is stdev. N = 500, d = 64 and SAE-width is 250.

Most of the performance gain is explained by the angular structure, since the SAEs fitted to unit-norm
autoencoders perform similar to the trained. The unit-norm autoencoder results in higher R2, but
is worse at F1 score and MCC, further demonstrating that better R2 does not necessarily lead to
better probing. Peak F1 performance is achieved when L0

SAE ≤ L0
True for all autoencoders. This trend

continues to hold for the SAEs we test in Section 5.2.

The key takeaway is that the geometry beyond ‘roughly-orthogonal’ has real downstream effects on
SAE performance.

5.2 Benchmark

Each benchmark distribution is produced by training the representation of 1296-dimensional feature
structures into a 200-dimensional embedding space. The sizes were chosen such as to allow the
autoencoder to represent all features. The distributions were tuned to an E[L0] ≈ 5, consistent with
the linear accessibility bound Garg et al. [2026].

For each distribution, we train ReLU, Matching Pursuit, BatchTopK, and Matryoshka BatchTopK
SAEs (adopting the naming from SAEBench Karvonen et al. [2025]). Each of these SAEs has width
648 and is trained with batch-size 1024 for XXX samples. In Table 3 we report the results at L0 = 3,
which generally yielded the best performances (Appendix F reports versions of the table directly
selecting the best F1 and MCC.).

Our setting allows us to use the autoencoder unembedding (Equation 1) as a baseline, by converting
the ReLu to a JumpReLU activation. To do this we sweep across activation thresholds to maximize
F1 scores. No SAE achieves an optimal F1 score across all distributions (see Figure 6). Without
access to ground truth one might be tempted to explain away performance limitations in LLMs with
the purported complexity of the representation space. The results show that SAEs can struggle even
on stylized distributions.

Further, the architectures display strengths and weaknesses in different domains. While the standard
ReLU SAE underperforms significantly on correlated and hierarchical distributions, it holds up well
simplicial complex distributions and tends to peak closer to the true L0 value of 5.

Notably, Matryoshka SAEs consistently slightly underperforms BatchTopK SAEs, even on hierarchi-
cal pairs despite being designed for nested structures in mind.

6L0 targeting is explained in Appendix E
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ReLU Matryoshka BatchTopK MatchingPursuit

Dist. F1 ↑ MCC ↑ R2 ↑ F1 ↑ MCC ↑ R2 ↑ F1 ↑ MCC ↑ R2 ↑ F1 ↑ MCC ↑ R2 ↑
Zipf 0.58 0.73 0.45 0.74 1.00 0.78 0.74 1.00 0.78 0.68 0.94 0.74
CP 0.46 0.62 0.38 0.72 0.83 0.80 0.74 0.86 0.82 0.67 0.82 0.78
HP 0.48 0.63 0.46 0.71 0.87 0.88 0.74 0.88 0.89 0.74 0.85 0.85
DH 0.51 0.69 0.50 0.65 0.97 0.75 0.65 0.98 0.75 0.75 0.92 0.72
PA 0.66 0.96 0.50 0.65 0.95 0.61 0.65 0.95 0.62 0.65 0.94 0.61
SC 0.73 0.89 0.69 0.72 0.88 0.78 0.73 0.89 0.80 0.64 0.88 0.78
Sn 0.65 0.81 0.79 0.65 0.81 0.83 0.69 0.83 0.86 0.73 0.83 0.86
Torus 0.47 0.71 0.55 0.65 0.83 0.73 0.70 0.86 0.76 0.74 0.88 0.76

Mean 0.57 0.75 0.54 0.69 0.89 0.77 0.71 0.91 0.78 0.70 0.88 0.76

Table 3: Performance of sparse autoencoders at a fixed sparsity of L0 = 3. Distributions: Zipf =
Zipfian, CP = Correlated Pairs, HP = Hierarchical Pairs, DH = Deep Hierarchy, PA = Preferential At-
tachment, SC = Simplicial Complex, Sn = Spherical. Best result across SAE settings per distribution
is shown in bold. Colors highlight the best and worst scores on a metric across all distributions.

We emphasize that relative performance across distributions is more informative than aggregated
scores. The mean can reveal general trends but should not be used as a definitive ranking.
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Figure 6: Notice that the autoencoder baseline is not reached for most distributions. F1 scores for
each distribution and each SAE architecture across multiple L0.

5.3 Library

The benchmark was produced with occhio, a lightweight package built on torch for studying
superposition in toy models. While we had to make choices as to which distributions to include,
the library provides a wider collection of parametrizable feature distributions and autoencoders. It
can also be used to train custom distributions. This allows the user to explore the space, test further
hypotheses, and create their own challenges. We provide example scripts for replicating the original
TMoS paper, feature absorption, as well as the experiments from this paper.

6 Discussion

6.1 Limitations

Feature structure in natural data While we consider the toy distributions a useful starting point
for understanding the geometry of superposition, they are simplified and do not fully capture the
complexity of natural data. Future work could empirically analyze feature structure in natural
language data and then construct new distributions that more closely match observed properties (such
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as correlations, hierarchy, or manifold structure) from real datasets. This would make it possible
to evaluate whether failure modes and behaviors observed in toy models also appear in practice,
concretely test the relevance of specific synthetic benchmarks, and iteratively refine interpretability
tools towards practical impact.

There is emerging evidence for the presence of such structures and failure modes in natural settings.
For example, Bussmann et al. [2025] provides strong indications of hierarchical feature structures in
real data. Moreover, Chanin et al. [2025b] and Chanin et al. [2025a] show feature absorption and
hedging, which are further evidence of hierarchy and correlation. Previous work by Engels et al.
[2025] shows that language model features may not be one-dimensionally linear.

Understanding superposition as computation Whereas our toy models show superposition purely
as compression, superposition in the transformer residual stream imposes additional computational
demands. This means the superposition structures observed in toy models do not fully reflect how real
networks organize their latent spaces. More complex feature structures may partially address this by
imposing richer geometric constraints, but they still lack computational pressure. A complementary
approach is to study how computational targets shape latent representations directly, as in Nanda et al.
[2023], Chen et al. [2026].

Metrics The metrics available to us for measuring SAE performance do not capture everything
we might care about. Both F1 and MCC rely to some extent on the notion of 1D features, which
multi-dimensional and manifold features do not necessarily adhere to.

6.2 Related Work

SynthSAEBench The closest existing work is SynthSAEBench Chanin and Garriga-Alonso [2026].
Fundamentally, our approaches are similar, but our focus is different. On the one hand, ToyBench
aims to be more realistic by training the encoder. On the other, it provides higher fidelity feedback
through a variety of distributions.

Other work inspired by Toy Models of Superposition Following Elhage et al. [2022b], subsequent
work was optimistic about finding fully monosemantic decompositions of models or training models
to tend towards monosemanticity Jermyn et al. [2022]. There is ongoing work to use toy models as a
test-bed for interpretability methods, such as sparse transformers Gao et al. [2025].

Extensions and other work Other notable toy models include the work by Nanda et al. [2023]
on a transformer learning modular addition and Michaud’s work on quanta Michaud et al. [2024],
Michaud [2026]. Shai et al. showed that transformers are able to represent their belief about hidden
states of hidden Markov models in their residual stream Shai et al. [2025]. Their work was performed
on networks without superposition, and we echo their call to investigate belief state geometry in
compressed domains.

6.3 Future Work

Toy models are a powerful tool for understanding the geometry of superposition because they provide
a controlled setting with access to ground truth. This makes it possible both to study representational
geometry directly and to benchmark interpretability tools against known conditions. We hope this
paper encourages further exploration of superposition across a broader range of controlled settings.

The present work could be naturally extended to different assumptions about data distributions, such
as more diverse variants of multi-dimensional input features. Beyond data distributions, we hope
that occhio will facilitate more systematic and principled evaluation of interpretability methods.
More ambitiously, access to a clean sandbox with known ground truth could be used to improve
interpretability methods with legible success and failure conditions.

If toy models turn out to be a cheap approximation of larger SAE benchmarks such as SAEBench Kar-
vonen et al. [2025], such techniques could speed up SAE development. Either way, toy models might
help to understand which exact behaviors are (or are not) captured by SAEs Hindupur et al. [2025].
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A Distributions

We rigorously define every distribution in Section 3. The parameters for each distribution will be
at the bottom of its section. Let N = 1296 be the number of features and d = 200 be the hidden
dimension. We target a E[L0

True] = 8 for each distribution.

Zipfian Inspired by Toy Models of Superposition Elhage et al. [2022b], Henighan et al. [2023].

Our input features fire according to fi ∼ SparseUniform(p, [0, 1]) := Bernoulli(p)×Uniform([0, 1]),
which we refer to as the sparse uniform distribution.

For the benchmark we set h = 0.5, l = 2.0/N pi = h · (1 + i)−α, with α = log(h)−log(l)
log(N)

Correlated Pairs Correlations between features have been observed in LLMs Chanin et al. [2025a].
They also demonstrate the effect of correlation on SAEs in synthetic and real setups.

Let N ∈ N be an even number. This distribution is arranged in N/2 independent pairs. We define the
activation probability pa ∈ (0, 1] and the individual firing probability pi ∈ (0, 1].

Each pair fires with probability pa. Conditional on a pair firing, each individual feature in the pair
fires with probability pi. The effective density D is then papi. The correlation between the individuals
in a pair is c = pi(1−pa)

1−papi
. Note that for any two of pa, pi, D, c, the remaining two can be derived.

For the benchmark we chose pa = h/(i + 1)α, and pi ∼ Uniform(0.5, 1.0), where h = 0.6,
l = 2.55/N and α = log(h)−log(l)

log(N) .

Hierarchical Pairs Hierarchical features occur in nature, and have in particular been observed in
LLM features Chanin et al. [2025b].

Features are arranged in parent–child pairs (2i, 2i+1). The parent fires independently with probability
pa; conditional on the parent firing, the child fires with probability pf , and is otherwise zero. Active
parents take Uniform(0, 1) magnitudes. The child’s magnitude depends on a coupling constant
β ∈ [0, 1]: vchild = βvparent + (1− β)U , where U ∼ Uniform(0, 1). Pairs are mutually independent,
but within each pair the child is causally downstream of the parent.

The activation correlation within a pair is c =
√

pf (1− pa)/(1− pfpa), approaching √
pf as

pa → 0; inverting gives pf = c2/(1 + pa(c
2 − 1)) for a target c.

For the benchmark we chose pa = h/(i + 1)α, and β ∼ Uniform(0.0, 1.0), where h = 0.6,
l = 2.39/N , α = log(h)−log(l)

log(N) and pf = 0.6.

Preferential Attachment This approach was inspired by Barabási and Albert [1999], which finds
that many real world connections follow power-law degree distributions. We construct a directed
graph based on this insight.

Features are arranged as nodes in a directed graph with power-law in-degree distribution. The
per-edge connection probability for edges targeting node i is

pi = min

(
1, pedge ·

(
N − i

N

)α)
, (2)

so node 0 receives the most in-edges (in expectation) and node N−1 the fewest. We can recover the
Erdős-Rényi graph by setting α = 0.

Each node fires independently with probability pa. Nodes propagate activation one step along their
out-edges independently with probability pc. When a node has k independently-fired parents, its
probability of being cascade-triggered is 1 − (1 − pc)

k. Active nodes take values drawn from
Uniform(0, 1).

For the benchmark we chose pa = 4/N , α = 0.75, pedge = 4.5/N , and pc ∼ Uniform(0.2, 0.6).

Simplicial Complex For our purposes, simplices are the simplest multi-dimensional feature. Intu-
itively, the k-simplex △k is a k-dimensional triangle spanned by k + 1 points.
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Formally, a simplex is defined as

△k :=

{
a ∈ Rk+1

≥0 |
k∑

i=0

ai = 1

}
. (3)

Since the ai sum to 1, simplices are the natural geometry of probability distributions. Indeed,
simplices have been found in the latent space of transformers, where they represent the belief-state of
a hidden Markov model Shai et al. [2025].

We consider the simplicial complex: a collection of simplices ‘glued’ along shared vertices. It
is a common object in algebraic topology Hatcher [2002] and combinatorics. The gluing allows
approximations of arbitrary smooth manifolds by a process called triangulation.

Each individual simplex σ ∈ F is a subset of features that co-activate together. To sample x ∈ RN ,
we uniformly choose a face σ ∈ F and fire it. To fire a face, a vector a ∼ Dirichlet(1, . . . , 1) is
drawn over its vertices and added to x.

For the benchmark we chose the dimension of each simplex to be 7. We randomly draw 648 simplices,
ensuring that each node is associated to at least one vertex.

Deep Hierarchy This distribution is a possible generalization of hierarchical pairs, where depth is
more emphasized, and multiple parents may exist.

Features are arranged as nodes in a directed acyclic graph (DAG) with edges generated by an Erdős-
Rényi process over the upper triangle: edge i → j (for i < j) exists independently with probability
pe.

Exactly one starting node is selected according to probabilities pa (uniform by default) and activated
with value v0 ∼ Uniform(0, 1). From the starting node, a random walk proceeds upward: at each
step one parent is chosen uniformly at random and activated with a decayed value

vparent = β vchild + (1− β) vchild U, (4)

where U ∼ Uniform(0, 1) and β ∈ [0, 1] controls the decay. The walk terminates upon reaching a
root node (one with no parents). All non-visited nodes remain inactive.

Each possible directed edge is drawn with probability pe = 18/N . We have β = 0.8. Finally, we run
the process twice and add the result together to achieve E[L0

True] ≈ 8.

Spherical Distribution This approach is taken from Olah and Batson [2023]. Various families
of features to live on manifolds. For instance Tiblias et al. [2026] discovers various features along
manifolds in LLM residual streams. See also Engels et al. [2025].

N feature positions are placed approximately uniformly on a unit sphere Sd (equal angular spacing
for d = 1, Fibonacci lattice for d = 2, random Gaussian projection otherwise). To generate a sample,
a random direction θ is drawn uniformly on Sd and a magnitude m ∼ Uniform(mlo,mhi). The
feature at position vφ activates as

xφ = m · cos
(α
ℓ

)
· 1

[α
ℓ
≤ π

2

]
, (5)

where α = arccos(vφ · θ) is the geodesic distance and ℓ is a length-scale parameter controlling the
width of the cosine bump. Smaller ℓ yields sparser activations concentrated near θ.

For our benchmark we set ℓ = 0.276, d = 4, and (mlo,mhi) = (0.5, 1.0).

Torus Distribution The Torus distribution intends to probe SAE performance on more complex
feature manifolds.

N feature positions are placed on a uniform grid on the flat torus T d = S1 × · · · × S1. For d > 1 the
number of features must be a perfect d-th power (e.g. N = 16 on T 2 gives a 4× 4 grid). To generate
a sample, a random point θ ∈ [0, 2π)d is drawn uniformly and a magnitude m ∼ Uniform(mlo,mhi).
The feature at angular position φ activates as

xφ = m · cos
(
d(θ,φ)

ℓ

)
· 1

[
d(θ,φ)

ℓ
≤ π

2

]
, (6)
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where d(θ,φ) = ∥wrap(θ −φ)∥2 is the geodesic distance on the flat torus (each angular difference
wrapped to [0, π]) and ℓ is the length-scale. As with the spherical distribution, smaller ℓ yields sparser
activations.

For our benchmark we set ℓ = 0.752, d = 4, and (mlo,mhi) = (0.5, 1.0).

B A note on MCC matching

Our MCC score differs from Song et al. [2025], Chanin and Garriga-Alonso [2026] in that we omit the
absolute value around the cosine similarity term. Prior work includes it because traditional dictionary
learning methods allow negative sparse codes. Since our sparse codes are constrained to be positive,
the absolute value is unnecessary.

The MCC is used to match dictionary elements to features, so this choice could in principle affect all
downstream metrics. In practice, Table 4 shows that the two matchings yield nearly identical F1 and
encoder precision (EP) scores, with a slight edge for the non-absolute variant.

EP is defined as follows. Let

O := ReLU(V (W − bd) + be), EP :=

∑
(i,j)∈M Oi,j∑

i,j Oi,j
, (7)

where O is the recovered one-hot fired matrix, and EP represents the ability to cleanly recover one-hot
fired features.

Matching MCC↑ |MCC| ↑ F1 ↑ EP↑
MCC 0.753 0.753 0.302 0.531
|MCC| 0.657 0.759 0.299 0.528

Table 4: Downstream metrics are largely unaffected by the choice of matching. Metrics are calculated
from a trained autoencoder on a sparse uniform distribution with N=1296 features, d=100 hidden
dimensions, and SAE width 648.

We find similar slight improvements in F1 scores across feature distributions and SAEs.

C Ablations for Trained vs Constructed Autoencoders

Autoencoder Geometry There are meaningful differences in the geometry of the autoencoders
based on which constraints you enforce. We train 4 autoencoders on the Zipfian distribution.

1. Trained AE is completely free to adapt, as in Equation 1.

2. Unit-norm AE is forced to keep the columns of W unit-norm.

3. Scalar bias AE can freely adapt W , but the bias b must be constant for all features.

4. Constructed AE has frozen W , but can freely adapt the bias b.

Feature Norm Growth We claim that the shape of the feature norms in Figure 7 is mediated by
the bias. To test this claim we consider two ablations. The first is simply the constructed autoencoder
that we have already considered. For the second we force the bias of the autoencoder to be a scalar,
i.e. constant across features.

In the constructed case, with W fixed, only the bias is free to adapt, yet b converges to a similar
profile as in the trained case (Figure 7). Furthermore, when the bias is forced to be a constant, then
the feature norms slope downwards. This suggests the bias is the primary mechanism by which the
autoencoder suppresses rare features.

The increasing feature norms for rarer features thus is a mechanism to offset the bias. In particular,
we find that ∥Wi∥2 + bi ≈ 1, which helps large activations to be reconstructed more faithfully.
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Figure 7: The feature norm for the autoencoder with scalar-constrained bias is decreasing rather than
increasing, unlike the other autoencoder variants.

D Autoencoder constraints

A natural design choice to consider when training the toy autoencoder is whether to constrain the
columns of W to unit norm, matching the convention used by the downstream SAE. We choose not
to.

The case for unit norm. The unit-norm constraint places the autoencoder and SAE on the same
footing, so that any trained-versus-constructed gap must come from angular arrangement alone rather
than norm reallocation. We ran this ablation: the main result of Section 5 survives under ∥Wi∥ = 1,
confirming that norm reallocation is not driving the gap.

Why we default to free norms. Free-norm autoencoders achieve strictly lower reconstruction
MSE. The unit-norm constraint costs the autoencoder compression capacity, and since the purpose of
the toy autoencoder is to produce an optimally (linearly) compressed representation against which
SAEs must recover features, free norms give the more informative test.

Furthermore, any regularity baked into the ground truth is, by construction, a regularity downstream
SAEs can exploit. This could limit ToyBench as a test-bed for SAE design. We are not aware of
direct measurements of per-feature effective norms in real transformer residual streams, so we cannot
say which convention would be more correct, thus Occam’s razor tells us to go for the simpler option.

Summary. Our default reflects a prior that heterogeneous norms are more likely to be present
than absent. We believe that properties one cannot rule out should be preserved rather than stripped.
Finally, based on the results in Figure 5 we can see that the difference is negligible.

E On correlations and interference

Across all distributions studied in this paper, we observe a positive relationship between the empirical
correlation of features and the interference of their learned representation in the trained autoencoder.
Table 4 shows this relationship for each distribution.

This is intuitive: correlated features are likelier to fire together, so the model incurs less loss from
placing them in higher interference configurations. The sparse uniform distribution is the exception,
as it has no correlations between features by construction, and accordingly the measured trend is zero.

F Additional Benchmark Details
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