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Abstract

Finding stable and computable invariants in multi-parameter persistent ho-
mology is an ongoing project for the topological data analysis (TDA) com-
munity, as multi-parameter persistence is, from an algebraic viewpoint, more
challenging than single-parameter persistence. In this work, we present the
class of projected barcodes and integral sheaf metrics, recently introduced by
N. Berkouk and F. Petit through the language of sheaf theory. Projected bar-
codes have been shown to present nice theoretical properties. In particular, they
are stable, in some sense, with respect to the interleaving distance and they suc-
cessfully generalize the fibered barcode construction. We study a specific case
and use the recent advances in topological optimization machine learning to
propose a way of computing linear projected barcodes and linear integral sheaf
metrics. We show how the projected barcode construction can be integrated in
current TDA pipelines and present an application to image classification. The
implementation is based on a regularized automatic-differentiation method and,
together with experimental notebooks, will be made publicly available at this
GitHub account in a new repository called sheaf_metric.
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1 Introduction

Topological data analysis emerged, as a field of mathematics, as a powerful tool to
study the shape of data. It has found many applications in domains like compu-
tational neuroscience, machine learning and statistical data analysis ([5]). One of
the most important concepts in this field is persistent homology, which allows to
compute stable topological invariants for point clouds data and other spaces. The
mathematical setting of persistent homology is very well understood. There is a nat-
ural generalization to higher dimensions, called multi-parameter persistent homology
([6]), that finds various applications in topological machine learning (see for example
[7] by M. Carrière and A. Blumberg). It provides a more complex challenge than
standard persistence, in the sense that invariants with nice properties are harder to
find and to compute.

A central task in multi-parameter persistent homology is to establish meaning-
ful metrics to distinguish between and classify topological spaces. As opposed to
single-parameter persistent homology, there is no barcode or persistence diagram de-
scribing a function f : X → Rd with d ≤ 2. Just as in the one-dimensional case,
one can look at the interleaving distance. However, it higher dimension, this metric
becomes computationally too expensive. Indeed, it has been shown to be NP-hard
to compute [2]. The quest for other invariants and metrics has led to defining the
notion of fibered barcode (which has an equivalent invariant called rank invariant)
for multi-parameter persistence modules. The fibered barcode naturally induces a
metric for multi-parameter persistence modules called the matching distance. The
fibered barcode has been used in various applications in machine learning, and its
algorithmic aspects have been widely studied [17]. However, there are topological
features that it still fails to capture. In fact, one can find multi-parameter persistence
modules that have an arbitrarily large interleaving distance, yet a zero matching dis-
tance. Moreover, M. Lesnick and M. Wright show, in [20], that one can compute a
matching distance for sublevel set homology of functions f : K1 → R2, g : K2 → R2

in complexity O(|K|11).

Aiming at providing a new invariant that tackles the issues encountered in the
theory of multi-parameter persistence, Nicolas Berkouk and François Petit use the
language of sheaf theory to introduce a new class of invariants called projected bar-
codes, together with a class of distances called integral sheaf metrics [1]. The authors
show that projected barcodes enjoy nice theoretical properties. In particular, they
are, in some sense, stable with respect to the interleaving distance. Moreover, they
successfully generalize the fibered barcode construction. Roughly speaking, the idea
behind projected barcodes is the following. Both the fibered barcode and a projected
barcode consist of a collection of barcodes of single-parameter persistence modules.
Instead of looking at inverse images of embeddings iL : R ↪−→ Rd, as in the case of the

4



fibered barcode, one can look at direct images of projections p : Rd → R and obtain
a broader family of barcodes. In this work, we aim at introducing the projected
barcodes for multi-parameter persistence modules and investigate the challenges and
algorithmic aspects of an implementation.

This work is structured as follows. Section 2 lays out the aspects of single param-
eter persistence whose generalization to multi-parameter persistence is part of this
work. More precisely, subsections 2.1 and 2.2 recall the fundamentals of persistent
homology, including main results of decompositions and metric stability. Subsection
2.3 focuses on topological optimization, which is the framework necessary the com-
pute a specific type of integral sheaf metrics called the linear integral sheaf metric.
In section 3.1, we recall the main concepts of multi-parameter persistent homology
and highlight core computational invariants, namely the matching distance and the
rank invariant. Section 4 introduces the class of projected barcodes and integral
sheaf metrics in the language of multi-parameter persistence. In subsection 4.3, we
present the computational framework used for the implementation. In section 5,
we present applications to image analysis. More precisely, we integrate the LISM
signature a standard TDA pipeline and study its behavior for MNIST classification.

Notation. When unspecified, X and Y shall denote topological spaces and K, K1

and K2 simplicial complexes. Moreover, we write Hj(·) for the singular homology
functor over a fixed field k, i.e. Hj(·) = Hsing

j (·,k). Any inclusion of spaces X ↪−→ Y

induces a linear map of vector spaces Hj(X) → Hj(Y ). We endow Rd with the
standard euclidean topology and the poset structure given by a ⪯ b if and only if
ai ≤ bi for all i ∈ {1, ..., d}, where a = (a1, ..., ad) and b = (b1, ..., bd) are two points
in Rd. Moreover, we will use the following conventions and notation.

1. Rd is the category induced by the poset (Rd,⪯),

2. Vectk is the category of k-vector spaces with linear maps.

3. Let p ∈ N>0. The Euclidean space Rd can be endowed with the p-norm defined
with ∥x∥p = (

∑d
i=1 xi)

1
p for any vector x = (x1, ..., xd) ∈ Rd.

4. Moreover, the Euclidean space Rd can also be endowed with the ∞-norm de-
fined with ∥x∥∞ = maxi=1,...,d |xi| for any vector x = (x1, ..., xd) ∈ Rd.

5. We write R+ = {x ∈ R | x > 0}.

2 Persistent Homology

We recall the fundamentals of 1-parameter persistent homology. One may read [13]
by H. Edelsbrunner and J. Harer for a very nice survey about persistent homology.
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2.1 Persistence modules

Definition 2.1. A persistence module over R is a functor M : R → Vectk.

One often writes Ma =M(a) for a ∈ R and a persistence module M .

Definition 2.2. A filtration over R is a functor F : (R,≤) → (Top,⊆).

The sublevel set filtration of a function f : X → R is defined as the functor

R → Vectk : a→ {x ∈ X | f(x) ≤ a}.

It gives rise to the class of sublevel set persistence modules.

Definition 2.3. Let f : X → Rd be a continuous function. The persistence module
Sj(f) : R → Vectk with

Sj(f)(a) = Hj({x ∈ X | f(x) ≤ a})

is the j-th sublevel set persistence module of f .

Definition 2.4. An interval module over R is a persistence module of the form

I(b,d)(t) =

{
k if b ≤ t ≤ d

0 otherwise
with I(b,d)(s ≤ t) =

{
idk if b ≤ s, t ≤ d

0 otherwise
.

Consider a persistence module M : R → Vectk.

Theorem 2.5 (Existence of decomposition). Provided that either all vector spaces
Ma ∈ Vectk are finite-dimensional or the support {a ∈ R | Ma ̸= 0} ⊆ R is finite,
the persistence module M decomposes as a direct sum of interval modules.

Theorem 2.6 (Unicity of decomposition). A direct sum decomposition of a persis-
tence module into interval modules is unique, up to permutation of the summands.

Persistence diagram and barcode. Consider an interval module decomposition
M ∼=

⊕n
i=1 I(bi,di). Without loss of generality, one can shift all coordinates so that

(bi, di) ∈ R2
+ for all i = 1, ..., n. The persistence diagram of M is defined as the

subset of R2
+ consisting of the half-diagonal Λ = {(x, y) ∈ R2

+ | x = y} together
with points (bi, di). A topological descriptor equivalent to the persistence diagram
is the so-called barcode. The barcode of a persistence module M , denoted B(M),
is given by the collection of intervals {[bi, di]}ni=1. The j-th persistence diagram
(resp. j-th barcode) associated to a function f : X → R, denoted by Persj(f) (resp.
Bj(f)) is simply defined as the persistence diagram (resp. barcode) of the persistence
module Sj(f). An example is given in Figure 1, From now on, persistence diagrams
and barcodes will both be denoted by Bj(·) and we will consider them as the same
object.
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f : X → R

a4 ∈ X
f(a4) = x4

a3

a2

a1

f(a2) = x2

0

∞

x1 x3

Pers(f)

x1 x2 x3 ∞

B(f)

S0(f) ∼= I(x1,∞)

S1(f) ∼= I(x3,∞)

0-dimension
1-dimension

Figure 1: Persistence diagram and barcode of a sublevel set homology of a filtration
induced by a function f : X → R where X ⊂ R2 is an annulus.
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Remark 2.1. Combining the two results above, one gets a well-defined map assigning
to a function on a finite simplicial complex its persistence diagram.

There exists a more general condition on a persistence module M (or a function
f : X → R) to ensure the existence of its persistence diagram, called q-tameness. In
particular, this condition does not assume that M is interval-decomposable.

Definition 2.7. A persistence module M (resp. function f : X → R) is said to be
q-tame if rank(M(s ≤ t)) <∞ (resp. rank(Sj(f)(s ≤ t)) <∞) for all s < t ∈ R.

Theorem 2.8. A q-tame persistence module admits a persistence diagram.

2.2 Metrics for persistence diagrams

Definition 2.9. A matching between two persistence diagrams D1 and D2 is a subset
m ∈ D1 ×D2 such that any point in (D1 \ Λ) ∪ (D2 \ Λ) appears exactly once in m.

We denote by MD2
D1

the set of matchings between persistence diagrams D1 and D2.

Definition 2.10 (2-Wasserstein distance). The p-Wasserstein distance between two
persistence diagrams D1 and D2 is given by

dWp(D1, D2)
p = inf

m∈MD2
D1

∑
(p,q)∈m

∥p− q∥p∞.

When p = 2, one omits the index and writes dW .

Definition 2.11 (Bottleneck distance). The Bottleneck distance between two per-
sistence diagrams D1 and D2 is given by

dB(D1, D2) = inf
m∈MD2

D1

max
(p,q)∈m

∥p− q∥∞.

One can see a persistence module M : R → Vectk as a collection {Ma}a∈R.

Definition 2.12. An ε-homomorphism Φ :M → N between two persistence modules
M and N is given by a collection of linear maps {φa :Ma → Na+ε}a∈R that satisfies
the commuting condition φb ◦M(a ≤ b) = N(a+ ε ≤ b+ ε) ◦ φa for all a ≤ b ∈ R.

Any persistence module M has an ε-homomorphism called translation endofunctor,
given by φM

ε :M →M given by the collection of linear maps {M(a ≤ a+ ε)}a∈R.

Definition 2.13 (ε-interleaving). Two persistence modules M,N are ε-interleaved
if there are ε-homomorphisms f :M → N and g : N →M satisfying{

g ◦ f = φM
2ε

f ◦ g = φN
2ε

.
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Theorem 2.14 (Isometry). For two q-tame persistence modules M and N , one has

dB(B(M),B(N))) = dI(M,N).

Theorem 2.15 (Stability). For two q-tame functions f, g : X → R, one has

dB(Bj(f),Bj(g)) ≤ ∥f − g∥∞

for all j ∈ N.

2.3 Topological optimization

A new approach in topological machine learning is to optimize functions based on
persistent homology. However, those can present a highly non-convex behavior. In
[8], the authors introduce a general setting, through o-minimal geometry, in which
one can successfully compute gradients of such functions and obtain convergence
results for standard stochastic gradient algorithms.

2.3.1 Optimizing topological functions

Notation. Let Sn denote the set of permutations on n elements.

Definition 2.16 (Parametrized family of filtrations). Let A be a set. An A-parametrized
family of filtrations on K is a map Φ : A → R|K| such that for any two simplices
σ1, σ2 ∈ K, and any element p ∈ A, one has Φσ1(p) ≤ Φσ2(p).

Sublevel sets. Consider a family of functions {fp : K0 → R}p∈A defined on the
0-skeleton (vertices) of K. The associated sublevel sets filtrations are the filtrations

Φ(p) : K → R : σ 7→ max
v∈σ

fp(v)

for p ∈ A. This defines an A-parametrized family of filtrations on K.

Definition 2.17 (Function of persistence). A map E : R2p × Rq → R is said to be
a function of persistence if, for any permutations τx ∈ S2p and τy ∈ Sq, one has

E(x1, ..., x2p, y1, ..., yq) = E(τx(X), ..., τx(x2p), τy(y1), ..., τy(yq)).

For instance, the following functions are functions of persistence.

1. E : R2p × Rq → R : D 7→ dB(D,D
′) (with D′ fixed),

2. E : R2p × Rq → R : D 7→ dW (D,D′) (with D′ fixed),

3. E : R2p × Rq → R : D 7→
∑p

i=1 |bi − di|, where D = (bi, di)
p
i=1 ∈ R2p.
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Note that, in Definition 2.16, a filtration K → R is considered as an element of R|K|.
Indeed, an element p ∈ A gives rise to a well-defined filtration Φ(p) defined as

Φ(p) : K → R : σ 7→ Φσ(p).

Now, consider a parametrized family of filtrations Φ : A→ R|K|. Oftentimes, one is
interested in maximizing or minimizing the functional

L : A→ R : p 7→ E ◦ Pers ◦ Φ(p),

where E : R2p × Rq → R a function of persistence. We follow the ideas of [8]
to formulate a convergence result for standard subgradient descent algorithms, but
without the setting of o-minimal geometry.

Definition 2.18 (Lipschitz function). Consider two metric spaces (X, dX) and (Y, dy).
A function f : X → Y is Lipschitz if there exists a constant K > 0 such that, for all
x1, x2 ∈ X, one has

dY (f(x1), f(x2)) ≤ K · dX(x1, x2).

Definition 2.19 (Locally Lipschitz function). Consider two metric spaces (X, dX)
and (Y, dy). A function f : X → Y is locally Lipschitz if for every point x ∈ X,
there exists an open set Ux ⊆ X such that f |Ux : Ux → Y is Lipschitz.

The following is an important result in differential geometry about the differentia-
bility of locally Lipschitz maps. We refer to Section 3.1.2 of [14] for a proof.

Theorem 2.20 (Rademacher). Let U ⊆ Rn be an open set, and consider a Lipschitz
function f : U → R. Then the function f is almost everywhere differentiable on U .
More precisely, the subset of points in U where f is not differentiable form a set of
Lebesgue measure zero.

In particular, a locally Lipschitz map f : Rn → R is almost everywhere differentiable.

Notation. Consider a family of vectors {xi}i ⊂ Rn. One denotes by Conv({xi}i)
the convex hull formed by the vectors xi. More precisely, one defines

Conv({xi}i) =
{
x ∈ Rn |

∑
i

λixi = x, 0 ≤ λi ≤ 1, and
∑
i

λi = 1

}
.

Definition 2.21 (Clarke subdifferential). The Clarke subdifferential ∂f of an almost
everywhere differentiable function f : Rn → R is defined by setting, for any x ∈ Rn,

∂f(z) = Conv({ lim
zi→z

∇f(zi) | f is differentiable at zi}).
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Now, provided that L is locally Lipschitz, the results above assure that L has a
well-defined Clarke subdifferential ∂L. Hence, one can use a stochastic gradient
subgradient algorithm based on iterations

xk+1 = xk − αk(yk + ζk), (1)

where (αk)k is a changing learning rate, (ζk)k are random variables, and yk ∈ ∂L(xk).

Assumption A. (Assumptions for the stochastic gradient descent)

1. αk > 0 for all k ∈ N,
∑

k∈N αk = ∞, and
∑

k∈N α
2
k <∞.

2. Almost surely, one has supk≥1 ∥xk∥ <∞.

3. Let Fk denote the increasing sequence of σ-algebras σ(xj , yj , ζj | j ≤ k). Then
there exists a function p : Rd → R+∪{0}, bounded on bounded sets, such that
almost surely, for all k ∈ N, one has E[ζk | Fk] = 0 and E[∥ζk∥2 | Fk] < p(xk).

Definition 2.22 (Locally finite partition). A partition X =
⋃

i∈I Xi of a non-empty
set X ⊆ Rm endowed with the subspace topology is locally finite if, for any x ∈ X,
there exists a open neighborhood U ⊆ X with

|{j ∈ I | Xj ∩ U ̸= ∅}| <∞.

Definition 2.23 (Cp-stratification). A Cp-stratification {Xi}i∈I of a non-empty set
X ⊆ Rm is a locally finite a partition X =

⋃
i∈I Xi where the strata Xi are connected

submanifolds of Rm of class Cp and such that, for any indices i ̸= j ∈ I,

X̄i ∩Xj ̸= ∅ ⇒ Xj ⊆ X̄i \Xi.

Definition 2.24 (Whitney stratifiable set). Let X = {Xi}i∈I be a Cp-stratification
of a non-empty set X ⊆ Rm. One says X is Whitney, if, for each x ∈ X̄i ∩Xj with
i ̸= j, and for each sequence (xk)k ⊂ Xi converging to x such that the sequence of
tangent spaces (Txk

Xi)k converges to a subspace V ⊂ TxRm, one has TxXj ⊂ V .

If X admits a Whitney Cp-stratification, it is called Whitney Cp-stratifiable.

Notation. Recall that the graph of a function f : Rn → Rk is defined as

Γ(f) = {(x, f(x)) | x ∈ Rn} ⊂ Rn+k.

Definition 2.25 (Whitney stratifiable function). A function f : Rn → Rk is Whit-
ney Cp-stratifiable if its graph Γ(f) ⊂ Rn+k is Whitney Cp-stratifiable.

A critical point of an almost everywhere differentiable function f : Rn → R is a local
minima or maxima of f . One denotes the set of critical points of f as Crit(f).
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Theorem 2.26. ([11, Corollary 5.9]) Let L : Rn → R be a locally Lipschitz function
that is Whitney Cd-stratifiable, and consider the subgradient algorithm with iterations
1. Provided that Assumption A is satisfied, almost surely, one has

(xk)k → lim
k→∞

xk ∈ Crit(L),

and (L(xk))k converges.

In [8], the authors use this strategy, together with the setting of o-minimal geometry,
to ensure the convergence (Theorem 4.2) of the subgradient algorithm for the case of
functions based on persistent homology, such as the map L = E ◦Pers ◦Φ(·), where

E : R2p × Rq → R : D 7→ dB(D,D
′),

and Φ is an A-parametrized family of sublevel sets filtrations.

2.3.2 Gradients of topological functions

In this subsection, we recall how one can compute gradients of persistence-based
topological functions, following the approach of M. Carrière, F. Chazal, M. Glisse,
Y. Ike in [8] and T. Dey and Y. Wang in [12]. Computing gradients of such functions
has opened new perspectives for topological machine learning, and plays a funda-
mental role in computing linear integral sheaf metrics (see Section 4).

Definition 2.27 (Abstract simplicial complex). Let V be a set. An abstract simpli-
cial complex over V is a set K of subsets of V such that

• {v} ∈ K for every v ∈ V ,

• if σ ∈ K and σ′ ⊆ σ, then σ′ ∈ K.

Definition 2.28 (k-simplex). A k-simplex σ is defined as the convex hull of a set
{x1, ..., xk+1} ⊂ Rn, where the points x1, ..., xk+1 are affinely independent. Symboli-
cally, one has

σ = Conv({x1, ..., xk+1}) =
{
x ∈ Rd | x =

k+1∑
i=1

αixi, 0 ≤ αi ≤ 1,

k+1∑
i=1

αi = 1

}
.

For a k-simplex σ, one can write V (σ) for the set of vertices of σ. Now, for a vertex
subset V ′ ⊆ V (σ), one says Conv(V ′) is a face of σ. A k-simplex σ is a simplex of
dimension dim(σ) = k.

Definition 2.29 (Geometric simplicial complex). A geometric simplicial complex is
a finite collection of simplices K such that
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• if σ ∈ K and σ′ ⊆ σ, then σ′ ∈ K,

• for any two σ, σ′ ∈ K, either σ ∩ σ′ = ∅ or σ ∩ σ′ is a face of both σ and σ′.

The dimension of a geometric complex K is dim(K) = maxσ∈K dim(σ).

Definition 2.30 (Geometric realization). Let K be an abstract simplicial complex.
A geometric realization of K is a geometric simplicial complex K ′ if there is exists
a bijection φ : K → K ′ such that σ ∈ K if and only if φ(σ) ∈ K ′.

One often denotes by |K| the geometric realization of a finite abstract simplicial
complex K built as follows. Suppose K has m vertices. Then, for each vertex
vi ∈ K, define φ(vi) = xi = (0, ..., 0, 1, 0, ...0) = ei ∈ Rm. Then, for any sim-
plex σ ∈ K, define φ(σ) = Conv({φ(v) ∈ Rn | v ∈ σ}). This defines a mapping
φ : K → Im(φ) =: |K|.

Notation. One denotes byKi the set of i-simplices of a geometric simplicial complex
K. It is called the i-skeleton of K (K has vertex set K0). Moreover,

• For K a geometric simplicial complex, one denotes by |K| the underlying space
consisting of the union of all the simplices in K. More precisely, if K has
dimension n, then |K| is the subspace of Rn consisting of the union of all
simplices σ ∈ K embedded in Rn, and endowed with the subspace topology.

• For K a finite abstract simplicial complex, one denotes by |K| its geometric
realization. From now on, we will abuse notation by writing |K| instead of
||K||, which is the underlying space of the geometric realization of K.

Figure 2 shows the geometric realization of an abstract simplicial complex.

Definition 2.31 (Barycentric coordinates). Consider a geometric simplicial complex
K, and a function f : K0 → Rn. Any x ∈ |K| belongs to the interior of exactly one
simplex σx = Conv({vi | i ∈ Iσx}) ∈ K. The barycentric coordinates of x are the
unique points bi(x) with

x =
∑
i∈Iσx

bi(x)vi.

Given a finite abstract simplicial complex K and a function f : K0 → Rn, one extend
f continuously to a function fext : |K| → Rn with

fext(x) =
n∑

i∈Iσx

bi(x)f(vi),

where x ∈ int(Conv({vi | i ∈ Iσx})) and bi(x) are the barycentric coordinates of x.
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e1

e2

e3

K = {{1}, {2}, {3}, {1, 2}, {2, 3}, {1, 3}, {1, 2, 3}}

|K| ⊂ R3

Figure 2: Geometric realization (an equilateral triangle embedded in R3) of the
abstract simplicial complex K = {{1}, {2}, {3}, {1, 2}, {2, 3}, {1, 3}, {1, 2, 3}}.

Definition 2.32 (Piecewise linear function). Let K be a geometric simplicial complex
with embedded in Rn. A function f : |K| → Rm is piecewise linear (PL) if, for every
simplex σ ∈ K, the restriction f |σ is the restriction of an affine map Rn → Rm.

Proposition 2.33. Let K be a finite abstract simplicial complex, and consider a
function f : K0 → Rm. The function fext : |K| → Rm is a piecewise linear.

Proof. Let σ = {v1, ..., vk} ∈ |K|. We have to show that the restriction of fext to
σ is the restriction of a linear map Rn → Rm. Any point x ∈ σ can be written as
x =

∑k
i=1 bivi and thus, in the basis of barycentric coordinates defined on σ, one has

x = (b1, ..., bk). By definition, fext|σ is a linear map. ■

Notation. Let F ⊂ C0(Rd), and consider piecewise linear functions f : |X| → Rd

and f : |Y | → Rd, where X and Y are abstract simplicial complexes. One obtains
two parametrized family of continuous functions {fp}p∈F and {gp}p∈F defined by tak-
ing fp := p ◦ f and gp := p ◦ g, for each element p ∈ F.

For p ∈ F, define B1
j (p) := Bj(fp) and B2

j (p) := Bj(gp). Let D denote the set of
barcodes µ : Z × Rd → N (or persistence diagrams D ⊂ R2d). Let Ej

1 ⊂ R and
Ej

2 ⊂ R be the multisets of coordinates (endpoints) of intervals appearing in the
barcodes B1

j (p) and B2
j (p) respectively.

The main trick. ([21]) Suppose fp : |X| → R and gp : |Y | → R are piecewise-linear
and injective. Then there is a map ρp1 : Ej

1 → X (resp. ρp2 : Ej
2 → Y ) mapping each
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birth and death points in Ej
1 (resp. Ej

2) to the simplex of X (resp. Y ) generating or
annihilating the corresponding interval. Moreover, the inverse functions ρp1 and ρp2
are, in some sense, locally constant with respect to p ∈ F.

Definition 2.34. Consider a PL function f : |X| → R. For ε > 0, define the ball

B(f, ε) = {g : |X| → R | ∥f − g∥∞ < ε}.

Let ε > 0 be the minimum difference between two values of f of simplices of X. In
other words, ε = min{|f(σ1)− f(σ2)| | σ1 ̸= σ2 ∈ X}. For the next definition, recall
that a persistence diagram can be seen as a map (X, f) 7→ {(bi, di)}i∈I .

Definition 2.35. Consider a PL function f : |X| → R. For δ > 0, define the ball

B(B(f), δ) = {B(g) | g ∈ B(f, δ)}.

Consider the map ηf : X → X0 defined by ηf (σ) = argminν∈σf(ν) for σ ∈ X, where
X0 is the set of vertices of X. Naturally, for any vertex σ ∈ X, one has ηf (σ) = f(σ).
Now, note that for any filtration function on a finite simplicial complex, one can
obtain a total ordering on the simplices (one can consider using the lexicographic
order). The total ordering provides a mapping

ζf = (ζ1f , ζ
2
f ) : B(f) → X ×X

assigning a pair of simplices to each pair of birth-death coordinates (bi, di).

Definition 2.36. For a PL-function f : |X| → R, one defines the inverse mapping

πf = (π1f , π
2
f ) = (ηf ◦ ζ1f , ηf ◦ ζ2f ).

We will now show that π : f 7→ πf is locally constant.

Lemma 2.37. There is an r > 0 such that ηf = ηg for any g ∈ B(f, r).

Proof. Let ε = min{|f(σ1) − f(σ2)| | σ1 ̸= σ2 ∈ X} defined as above. Clearly, one
has ηf = ηg for any g ∈ B(f, ε2) and thus taking r = ε/2 yields the claim. ■

Lemma 2.38. There exists an r > 0 such that ζf = ζg for any g ∈ B(f, r).

Proof. This follows from the stability inequality dB(B(f),B(g)) ≤ ∥f − g∥∞ and the
fact that ζf varies continuously with B(f) (with the Bottleneck distance). ■

Proposition 2.39. There exists an r > 0 such that πf = πg for any g ∈ B(f, r).

Proof. This immediately follows from Lemma 2.37 and Lemma 2.38. ■
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Notation. To go back to the notations of the main trick above, one sets

ρp1(bi) := π1fp(bi, di),

ρp1(di) := π2fp(bi, di),

ρp2(bi) := π1gp(bi, di),

ρp2(di) := π2gp(bi, di).

The result below plays a central role in computing gradients of functionals of persis-
tence diagrams (or barcodes). It studies how a persistence diagram Bj(h) changes
with respect to the filtration function h it is based on, in the case where h depends
on a set of parameters p ∈ F. The fact that ρp1 and ρp2 are locally constant maps
(with respect to u) provides well-defined derivatives.

Proposition 2.40. For bi, di ∈ Ej
1 and b′i, d

′
i ∈ Ej

2, one has

∇bi(p) = ∇fp(ρp1(bi)) and ∇di(p) = ∇fp(ρp1(di)),

∇b′i(p) = ∇gp(ρp2(b
′
i)) and ∇d′i(p) = ∇gp(ρp2(b

′
i)).

Proof. This is the proof of the first equality only, as the three others are completely
analogous. Now, fp(ρ

p
1(bi)) = bi for all i. Moreover, ρp1 is locally constant and thus

∇bi(p) = ∇pfp(ρ
p
1(bi)).

■

Consider a map E : D ×D → R and define, for j ∈ Z, the map T j : Rd → R with

T j(p) = E(Bj
1(p),B

j
2(p)).

Applying the chain rule, one gets

∇T j(p) =
∑

e∈Ej
1⊔E

j
2

∂E

∂e
(Bj

1(p),B
j
2(p))∇e(p)

=
∑
e∈Ej

1

∂E

∂e
(Bj

1(p),B
j
2(p))∇e(p) +

∑
e∈Ej

2

∂E

∂e
(Bj

1(p),B
j
2(p))∇e(p)

=
∑
e∈Ej

1

∂E

∂e
(Bj

1(p),B
j
2(p))∇fp(ρ

p
1(b)) +

∑
e∈Ej

2

∂E

∂e
(Bj

1(p),B
j
2(p))∇gp(ρ

p
2(b)),

where the last equality holds by Proposition 2.40.
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X

R

R
∅

f = (f1, f2) : X → R2

a4 ∈ X
f1(a4) = x4

a3

a2

a1
0

a′1a′4 a′3 a′2

f2(a
′
4) = x′4

F : R2 → Top : a 7→ {x ∈ X | f(x) ⪯ a}

Figure 3: A 2-parameter filtration on an annulus X ⊂ R2.

3 Multi-parameter Persistent Homology

In this section, we recall the fundamentals of multi-parameter persistence. We refer
to [4] by M. Botnan and M. Lesnick or [6], by G. Carlsson and A. Zomorodian, for
a complete introduction to the subject.

3.1 Multi-parameter persistence modules

Definition 3.1 (Multi-parameter filtration). Let d ≥ 1. A d-parameter filtration is
an order preserving functor F : (Rd,⪯) → (Top,⊆).

Example 3.2 (d-parameter filtration). A continuous function f : X → Rd induces
a d-parameter filtration F : (Rd,⪯) → (Top,⊆) defined as F (a) = {x ∈ X | f(x) ⪯
a}. Figure 3 shows an example of 2-parameter filtration induced by a function f :
X → R2.

Definition 3.3 (Multi-parameter persistence module). Let d ≥ 1. A d-parameter
persistence module is a functor M : Rd → Vectk.

Applying a homology functor Hj to a d-parameter filtration F yields a d-parameter
persistence module M : Rd → Vectk defined by M(x) = Hj(F (x)) for any x ∈ Rd.
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Here, morphisms M(x) →M(y) are induced by the inclusions F (x) ⊆ F (y) for any
x ⪯ y ∈ Rd. Combining this observation with Example 3.2, one gets the following.

Definition 3.4. Let f : X → Rd be a continuous function. One defines Sj(f) :
Rd → Vectk to be the sublevel set persistence module of f , where

Sj(f)(a) = Hj(x | f(x) ⪯ a).

As seen in Section 2, q-tame 1-parameter persistence modules admit a decomposition
into interval modules that is unique up to isomorphism giving place to a persistence
diagram and a barcode. Now, in the 1-parameter persistence case, the barcode is a
complete invariant, in the sense that it completely determines the persistence module
it comes from. In dimension d ≥ 2, there is no topological summary equivalent to
the barcode, in the sense that there is no complete invariant.

As in the 1-dimensional case, there is a finiteness condition under which a (multi-
parameter) persistence module admits a unique decomposition. A d-parameter per-
sistence module M : Rd → Vectk is said to be pointwise finite dimensional (p.f.d)
if, for any a ∈ Rd, one has dim(Ma) <∞.

Definition 3.5. A d-parameter persistence module B : Rd → Vectk is an interval
module if it is of the form I1×...×Id, where each Ii is a 1-parameter interval module.

Definition 3.6. A d-parameter persistence module is interval-decomposable if it
admits a decomposition M ∼=

⊕
i∈I Mi, where each Mi is an interval module.

Theorem 3.7 (Decomposition). Any pointwise finite dimensional d-parameter per-
sistence module M : Rd → Vectk admits an interval decomposition M ∼=

⊕
i∈I Mi

that is unique, up to permutation of the summands Mi.

Hence, barcodes are well-defined for pointwise finite dimensional persistence mod-
ules. Figure 4 shows the interval decomposition of a 2-parameter persistence module
induced from a function f : X → R2, where X ⊂ R2 is an annulus.

One can further investigate the algebraic nature of multi-parameter persistence mod-
ules through graded modules.

Let
Pd =

{∑
i

αix
ji1
1 · · ·xj

i
d
d | jik ∈ R+, k = 1, ..., d

}
be the polynomial ring with variables x1, ..., xd, coefficients in K and real positive
exponents. For a commutative ring R, we say an R-module M is d-graded if there
is a K-vector space decomposition M =

⊕
i∈Rd Mi such that xj · m ∈ Mi+j for

any i ∈ Rd, any monomial xj =
∏d

k=1 x
jk
k ∈ Pd and m ∈ Mi. In other words, the
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f = (f1, f2) : X → R2

a4 ∈ X
f1(a4) = x4

a3

a2

a1
0

∞

x1 x2

x′3

x3

S0(f) ∼= I2(x1,∞)

S1(f) ∼= I(x3,∞) × I(x′
3,∞)

0-dimension

1-dimension

a′1a′4 a′3 a′2

f2(a
′
4) = x′4

x′1

∞

x′2

Figure 4: Interval decomposition of the sublevel set homology of a function f : X →
R2, where X ⊂ R2 is an annulus.
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K-vector space decomposition is stable under the action of the ring Pd. An element
m ∈ M is said to be homogeneous if m ∈ Mi for some i ∈ Rd. Clearly, any element
m ∈ M can be written as a sum of homogeneous elements m =

∑l
r=1mr. Now,

let Fun(Rd,Vectk) denote the category of d-parameter persistence module, and let
d-mod be the category of d-graded modules.

Notation. For a functor M : Rd → Vectk and i ⪯ j ∈ Rd, we denote by Mi,j the
morphism M(i ⪯ j) :Mi →Mj .

Proposition 3.8. There is an equivalence of categories

Fun(Rd,Vectk) ∼= d-mod.

Proof. Define a functor ϕ : Fun(Rd,Vectk) → d-mod by setting

ϕ(M) =
⊕
i∈Rd

Mi

for any object M of Fun(Rd,Vectk). For a homogeneous element m ∈ M , define
xk(m) :=Mi,i+ek(m) for all i ∈ Rd and k ∈ {1, ..., d}. Then, extend this action on all
of ϕ(M) linearly, in the following way. For any m =

∑l
r=1mr with mi homogeneous,

set xk(m) :=
∑l

r=1 xk(mr). This naturally yields an action of Pd on ϕ(M), giving a
well-defined d-graded module ϕ(M). It remains to show ϕ is an functor that is also
an isomorphism. ■

When unspecified, M shall denote a d-parameter persistence module, that can be
seen either as a functor Rd → Vectk or as a d-graded Pd-module.

The internal translation of M is the map φM
ε : M → M with φM

ε (m) = xε1(m),
where ε1 = (ε, ..., ε) and xε1 =

∏d
k=1 x

ε
k. The translation endofunctor Tε : Rd → Rd

is defined via Tε(i) = i+ ε1. This yields an endofunctor

T ∗
ε : Fun(Rd,Vectk) → Fun(Rd,Vectk)

with T ∗
ε (M) =M ◦ Tε.

Definition 3.9 (ε-interleaving). Two d-parameter persistence modules M,N are ε-
interleaved if there are natural transformations f :M → T ∗

ε (N) and g : N → T ∗
ε (M)

satisfying
T ∗
ε (g)f = φM

2ε ,

T ∗
ε (f)g = φN

2ε.

In other words, two d-parameter persistence modules M,N are ε-interleaved if there
are two families of linear maps {fi : Mi → Ni+ε1}i∈Rd and {gi : Ni → Mi+ε1}i∈Rd

such that the two conditions below are satisfied.
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Mi Mi+ε1 Mi+2ε1

Ni Ni+ε1 Ni+2ε1

fi fi+1

gi gi+1

Mi,i+2ε1

Ni,i+2ε1

Figure 5: An ε-interleaving between multi-parameter persistence modules M and N .

1. for i ∈ Rd, Mi,i+2ε1 = gi+ε1 ◦ fi and Ni,i+2ε1 = fi+ε1 ◦ gi

2. for i ⪯ j ∈ Rd, fj ◦Mi,j = Ni+ε1,j+ε1 ◦ fi and gj ◦Ni,j =Mi+ε1,j+ε1 ◦ gi

Multi-paramater persistence modules are 0-interleaved if and only if they are isomor-
phic. Indeed, a 0-interleaving between the modules M and N corresponds to mor-
phisms f :M → T ∗

0 (N) = N and g : N → T ∗
0 (M) =M such that f ◦ g = φN

0 = idN
and g ◦ f = φM

0 = idM , i.e. it corresponds to an isomorphism M ∼= N .

Definition 3.10 (Interleaving distance). The interleaving distance is defined as

dI :
Fun(Rd,Vectk)× Fun(Rd,Vectk) −→ R+

(M,N) 7−→ inf{ε ≥ 0 | M and N are ε-interleaved} .

If M and N are not ε-interleaved for any ε ∈ R+, then we set dI(M,N) = ∞.

Definition 3.11 (Matching). Let S and T be multisets, i.e. sets whose elements
are attributed an integer multiplicity. A matching ϕ : S ↛ T is given by a bijection
S′ ↔ T ′, where S′ ⊆ S and T ′ ⊆ T .

One often says a matching it is a partial bijection.

One says a d-parameter persistence module M is ε-trivial if, for any i ∈ Rd, the linear
map Mi → Mi+ε1 is zero. For a small ε, a ε-trivial d-parameter persistence module
is considered as insignificant. This lays down the intuition for the next definition.

Definition 3.12 (ε-matching). Let M and N be two d-parameter persistence mod-
ules, with decompositions into indecomposable summands given by

M ∼=
K⊕
k=1

Mk and N ∼=
L⊕
l=1

Nl
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Birth

Death

dB(M,N)

Figure 6: Bottleneck distance between two 1-parameter persistence modules M and
N with interval decompositions (barcodes) given by persistence diagrams.

(here Mk and Nl are multi-parameter persistence modules, and not vector spaces).
One says M and N are ε-matched, provided that there is a matching ϕ : T =
{1, ...,K} ↛ {1, ..., L} = L with underlying bijection ϕ̄ : S′ ↔ T ′, satisfying the
following.

1. For any k ∈ S \ S′, Mk is 2ε-trivial.

2. For any l ∈ T \ T ′, Nl is 2ε-trivial.

3. For any k ∈ S′, Mk and Nϕ(k) are ε-interleaved.

We denote by Md(ε) the set of pairs of ε-matched d-parameter persistence modules.
Intuitively, one has (M,N) ∈ Md(ε) if there is a map that matches summands that
are close, and leaves unmatched summands that are persistent-wise insignificant.

Definition 3.13 (Bottleneck distance dB). The Bottleneck distance between two
d-parameter persistence modules M,N is defined as (see Figure 6 for an illustration)

dB(M,N) = inf{ε | (M,N) ∈ Md(ε)}.

By definition, any ε-interleaving induces an ε-matching. Thus, one has the inequality

dI ≤ dB.

Notation. For two d-parameter persistence modules M and N , a Bottleneck match-
ing between them is a dB(M,N)-matching.
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M ∼=

N ∼=

⊕

⊕
(1, 0) (1, 0)

(0, 1)

(0, 1)

(a, a) (a, a)

(a, a)(a, a)

Figure 7: A pair of 2-parameter persistence modules M,N : R2 → Vectk with
matching distance dmatch(M,N) = 0 and interleaving distance dI(M,N) = 1.

3.2 The curse of dimensionality

The algebraic objects used in multi-parameter persistent homology are quite com-
plex, in comparison with persistent homology. In [6], the authors show that, in
dimension d ≥ 2, there exists no complete descriptor similar to the barcode. Finding
nice computational invariants and distances is an important research direction. The
fibered barcode, together with the matching distance, provide a computable and sta-
ble invariant for multi-parameter persistence modules. In [20], M. Lesnick and M.
Wright introduce the RIVET software, with which one can compute a matching dis-
tance for sublevel set homology of functions f : K1 → R2, g : K2 → R2 in complexity
O(|K|11). Moreover, in dimension d ≥ 2, the interleaving distance is NP-hard to
compute ([2]).

3.3 The fibered barcode

In general, there is no barcode structure existing for multi-parameter persistence
modules. Instead, one can obtain a family of barcodes of 1-parameter submodules
called the fibered barcode, defined below. In the space Rd, the slope m = (m1, ...,md)
of a line L = {tm + c}t∈R is said to be positive, if mi > 0 for all i ∈ {1, ..., d}. Let
Λ be the set of all lines in Rd with positive slope.

Definition 3.14 (Fibered barcode). Let L be a line in Rd with positive slope. Let
ιL : R → Rd be the unique order-preserving ∥ · ∥∞-isometric embedding satisfying
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M ∼= ⊕

ML ∼= ⊕

L L

⊕
L

⊕

B(ML) =

x1 = 0

x4x2 x3x5 x5

x2 x5

Figure 8: Fibered barcode of a 2-parameter persistence module.

ImιL = L. Let ML be the 1-parameter persistence module M ◦ ιL : R → Vectk. The
fibered barcode of M is the collection

Fib(M) = {B(ML))}L∈Λ,

where B·) is the barcode associated to a 1-parameter persistence module.

For example, let f : X → R be a continuous function. For any two points p ⪯ q ∈ Rd

on a line L ⊂ Rd with positive slope, one can look at the parametrization γ : R → Rd

with γ(t) = tp+ (1− t)q and consider the 1-parameter persistence module

M : R → Vectk : t 7→ Hj({x ∈ X | f(x) ⪯ γ(t)}).

One may think of ML as the restriction of M to the line L (see Figure 8).

Definition 3.15 (Push maps). Let L ⊂ Rd be a line with positive slope. One defines
the map pushL : Rd → L with pushL(p) = mina∈L{a | a ⪰ p}.
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L

R2

p2

a2

L

R2

p1

a1

Figure 9: Schematic functioning of the map pushL(·) associated to a line L. Here,
ai = pushL(pi) for i = 1, 2. Shaded areas correspond to subposets {x ∈ R2 | x ⪯ pi}
(dark shade) and {x ∈ R2 | x ⪯ ai} (light shade), for i ∈ {1, 2}.

A map pushL(·) acts by pushing every point of Rd to the line L in a way that
preserves the partial order ⪯, i.e. pushL(p) ⪯ pushL(q) for any two p ⪯ q ∈ Rd.

Proposition 3.16. Let L ∈ Λ. One has pushL(p) ⪯ pushL(q) for any p ⪯ q ∈ Rd.

Proof. One has

pushL(p) = mina∈L{a | a ⪰ p}
≤ mina∈L{a | a ⪰ q}
= pushL(q),

because a ⪰ q, a ∈ L ⇒ a ⪰ p, a ∈ L and thus {a ∈ L | a ⪰ q} ⊆ {a ∈ L | a ⪰ p}. ■

Computing the interleaving distance for multi-parameter modules is an NP-hard
problem ([2]). To tackle this issue, one considers another metric on the set of d-
parameter persistence modules called the matching distance (defined in [9]), that
is stable with respect to the interleaving distance (Theorem 3.20). The matching
distance between two multi-parameter persistence modules M and N is formulated
based on taking a weighted supremum of all the Bottleneck distances dB(·) of 1-
parameter persistence submodules obtained by restricting M and N to lines in Λ.

Definition 3.17 (Weight function w). One defines the weight function w : Λ → R+

in the following way. For a line L ∈ Λ parametrized by

L : t 7→ t

m1
...
md

+

b1...
bd

 ,

one defines its weight as

w(L) =
d

min
i=1

mi.
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Figure 10: Schematic functioning of the weight functions w(·) and w̃(·) for d = 2.

Definition 3.18 (Matching distance dmatch). Let M,N ∈ Vectk be pointwise finite
dimensional d-parameter persistence modules. The matching distance between M
and N is defined as

dmatch(M,N) = supL∈Λw(L) · dB(ML, NN ).

A note of the weight function w. Some authors define the weight of a line L ∈ Λ
parametrized by

L : t 7→ t

m1
...
md

+

b1...
bd


as the quantity w̃(L) = ∥pushL(L(0) + 1)− L(0)∥2.

Consider the case where d = 2. Let L ⊂ R2 be the line given by t 7→ (t, tm+ b) with
m > 0. The weight of such a line is then given by

w̃(L) =


1√

1+m2
if m ≥ 1,

1√
1+ 1

m2

if m < 1.

The example above shows that the weight function w̃(·) is defined so as to regularize
the distance dB(ML, NL) between the 1-parameter persistence submodules taken
over a line L ⊂ R2 that is close to one of the axes of R2. The role of both weight
functions w(·) and w̃(·) is to make the matching distance stable with respect to the
interleaving distance. Figure 10 illustrates the case d = 2 : one has

lim
m→0+

w̃(L : t 7→ mt+ b) = lim
m→∞

w̃(L : t 7→ mt+ b) = 0.
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Lemma 3.19. ([19, Lemma 1]) An ε-interleaving between d-parameter persistence
modules M and N induces an ε

w(L) -interleaving between the submodules ML and NL.

Theorem 3.20 (Stability). For d-parameter persistence modules M and N , one has

dmatch(M,N) ≤ dI(M,N).

Proof. It follows from Lemma 3.19 that dB(ML, NL) ≤ 1
w(L)dI(M,N) for any line

L ∈ Λ. Hence, one has dmatch(M,N) = supL∈Λw(L) · dB(ML, NN ) ≤ dI(M,N). ■

In [17], M. Kerber, M. Lesnick and S. Oudot describe an exact way to compute the
matching distance for the case of 2-parameter persistence modules (called bimodules).

Example 3.21. [23, Example 2.1] Consider the 2-parameter persistence modules M
and N given by the block-decompositions shown in Figure 7. For any line L ∈ λ,
the barcodes B(ML) and B(NL) coincide. It follows that Fib(M) = Fib(N) and thus
dmatch(M,N) = 0. However, one has dI(M,N) = 1 (details for this computation
can be found in [23]).

Another invariant used to analyse multi-parameter persistence modules is the so-
called rank invariant ρM . Let pd denote the subset of Rd × Rd consisting of pairs
(p, q) ∈ Rd × Rd with p ⪯ q.

Definition 3.22 (Rank invariant ρM ). The rank invariant of a d-parameter persis-
tence module M is the map ρM : pd → N defined with

ρM (p, q) = rank(Mp,q).

Proposition 3.23. ([6, Theorem 12]) In dimension d = 1, the barcode of the (1-
parameter) persistence module M is equivalent to its rank invariant

Proof. The proof of this equivalence relies on a correspondence between the intervals
(b, d) of the barcode B(M) and the non-zero evaluations ρM (b, d). This is illustrated
in Figure 11. Each point or interval (b, d) ∈ {(bi, di)}i∈I = B(M) corresponds to a
triangle Ti defined as the convex hull of {(b, d), (b, b), (d, d)}. For a pair p ≤ q, the
value ρM (p, q) is the number of such triangles containing (p, q). In other words, one
has the formula

ρM (p, q) = |{i ∈ I | (p, q) ∈ Ti}|.

From there, one can define the correspondence. In fact, for any p ≤ q, one has

ρM (p, q) = |{i ∈ I | bi ≤ p, q ≤ di}|.

■

This equivalence makes the rank invariant complete for 1-parameter persistence mod-
ules, in the sense that, up to isomorphism, such a module is entirely determined by
its rank invariant, as the barcode is a complete invariant for d = 1.
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Birth

Death

(b, d)

b d

(p, q)

Figure 11: The correspondence giving the bijection ρM ↔ B(M) for a 1-parameter
persistence module M . Each point in the persistence diagram corresponds to an
interval in the barcode B(M). The value ρM (p, q) of a pair p ≤ q is equal to the
number of triangles containing (p, q). In this example, one has ρM (p, q) = 2.
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4 The Projected Barcode

We present the class of projected barcodes and integral sheaf metrics, originally in-
troduced in the language of sheaf theory by N. Berkouk and F. Petit in [1].

4.1 Motivation

Figure 7 shows a well-known example of 2-parameter persistence modules M and
N with dmatch(M,N) = 0 and dI(M,N) = 1. Now, for any element r ∈ R+,
one can scale this example to obtain persistence modules with dmatch(M,N) = 0
and dI(M,N) = r. In other words, one can find persistence modules that are
similar to the eye of the matching distance, yet arbitrarily far away to the eye of
the interleaving distance. The class of projected barcodes generalizes the fibered
barcode, and successfully tackles the problem of the example mentioned above. Just
as one defines the matching distance, based on the fibered barcode, one can define
the class of integral sheaf metrics, based on the class of projected barcodes.

4.2 Theoretical framework

Consider a continuous map f : X → Rd.

Black box. Now, d-parameter persistence modules can be seen as derived sheaves
on Rd for the Euclidean topology. Let p : Rd → R be a 1-Lipschitz map. Through
one of the six Grothendieck operations, called the direct image, one can assign to a
d-parameter persistence module M a single-parameter persistence module Rp∗M .

Notation. Let LipC(Rn) = {p : Rn → R | p C-Lipschitz}.

Definition 4.1 (F-projected barcode). Let F ⊂ Lip1(Rd). The F-projected barcode
associated to f is the collection

ProjF(f) = {B(Rp∗S(f))}p∈F.

Definition 4.2 (F-integral sheaf metric). Let F ⊂ Lip1(Rd). The F-integral sheaf
metric between continuous maps f : X → Rd and g : Y → Rd is given by

dF(f, g) = supp∈Fsupj∈NdB

(
B(Rjp∗S(f)),B(Rjp∗S(g))

)
.

The class of integral sheaf metrics admits the following stability result.

Theorem 4.3 (Stability). Let F ⊆ LipC(Rn) with C ≤ 1. One has

dF(f, g) ≤ dI(S(f), S(g)),

for any continuous maps f : X → Rd and g : Y → Rd.

29



The class of integral sheaf metrics generalizes the matching distance.

Theorem 4.4 (Lower bound dmatch). Let F ⊆ Lip1(Rn), with {pushL/w(L)} ⊆ F.
One has

dmatch(Sj(f), Sj(g)) ≤ dF(f, g),

for any continuous maps f : X → Rd and g : Y → Rd.

Theorem 4.5. ([1, Lemma 4.19]) Let X be a compact topological space, and let
f : X → Rd be continuous. Then

Rp∗S•(f) = S•(p ◦ f).

Another metric is the so-called k-sliced convolution distance.

4.2.1 The linear projected barcode

Definition 4.6 (Dual space). Let (E, ∥ · ∥) be a normed space. The dual space
(E, ∥ · ∥)∗ is the vector space of linear maps f : E → R endowed with the dual norm

∥f∥∗ = sup
e∈E

{|f(e)| | ∥e∥ ≤ 1}.

Definition 4.7 (Isomorphism of normed vector spaces). An isomorphism between
normed vector spaces (E, ∥ · ∥E) and (F, ∥ · ∥F ) is a map ϕ : E → F that is an
isomorphism of vector spaces and an isometry, meaning that, for any e ∈ E,

∥ϕ(e)∥F = ∥e∥E .

Proposition 4.8. There is an isomorphism of normed vector spaces

(Rd, ∥ · ∥∞)∗ ∼= (Rd, ∥ · ∥1).

Proof. Consider the map ϕ : Rd → (Rd)∗ : a 7→ fa, where fa : Rd → R is a linear
form defined with

fa(x1, ..., xd) =
d∑

i=1

aixi.

The map ϕ is an isomorphism of vector spaces. Indeed, one has ϕ(0) = 0(Rd)∗ and

ϕ(a) + ϕ(a′)(x1, ..., xd) = fa(x1, ..., xd) + fa′(x1, ..., xd)

=

d∑
i=1

aixi +

d∑
i=1

a′ixi

=
d∑

i=1

(ai + a′i)xi

= fa+a′(x1, ..., xd)

= ϕ(a+ a′)(x1, ..., xd),
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for any (x1, ..., xd) ∈ Rd and a, a′ ∈ Rd, proving linearity. Moreover, ϕ is bijective.
Now, it remains to show that ϕ preserves the norms. Let ∥ · ∥∗ denoted the dual
norm of ∥ · ∥∞. Let a ∈ Rd. One has

∥fa∥∗ = sup
x∈Rd

{
|fa(x)| | ∥x∥∞ ≤ 1

}
= sup

x∈Rd

{
|

d∑
i=1

aixi| | ∥x∥∞ ≤ 1
}

≤ sup
x∈Rd

{ d∑
i=1

|ai||xi| | ∥x∥∞ ≤ 1
}

≤ sup
x∈Rd

{
∥x∥∞

d∑
i=1

|ai| | ∥x∥∞ ≤ 1
}

≤
d∑

i=1

|ai| = ∥a∥1,

which concludes the proof. ■

Notation. We set
L := {p ∈ (Rd

+, ∥ · ∥∞)∗ | ∥p∥∗ = 1},

the set of linear forms on Rd with positive coefficients and dual norm 1. The iso-
morphism in Proposition 4.8 restricts to L and we have an isomorphism of normed
vector subspaces L ∼= {p ∈ Rd

+ | ∥p∥1 = 1}. We will abuse notation by writing
p = (p1, ..., pd) ∈ L, where p ∈ Rd

+ has 1-norm ∥p∥1 = 1.

For the case d = 2, one can consider the parametrization defined as (segment)

L = {(t, 1− t)) | t ∈]0, 1[} ⊂ R2.

The case d = 3 is illustrated in Figure 12 (filled triangle).

Definition 4.9 (Linear projected barcode). The linear projected barcode of f is

ProjL(f) = {B(Rp∗S(f))}p∈L = {B(p ◦ f))}p∈L.

Definition 4.10 (Linear integral sheaf metric). The linear integral sheaf metric
between continuous maps f : X → Rd and g : Y → Rd is given by

dL(f, g) = supp∈Fsupj∈NdB

(
B(Rp∗Sj(f)),B(Rp∗Sj(g))

)
= supp∈Lsupj∈NdB

(
Bj(p ◦ f),Bj(p ◦ g)

)
.
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d = 3

Figure 12: The class L = {x ∈ R3
+ | ∥x∥1 = 1}.

One of the underlying properties of the LISM between two multi-filtrations f =
(f1, ..., fd) and g = (g1, ..., gd) is that it captures more information than the Bot-
tleneck distance does. More precisely, by considering the linear forms given by the
canonical basis vectors of Rd, one can imagine that, for any i ∈ {1, ..., d},

dB(B(fi),B(gi)) ≤ dL(f, g).

However, the basis vectors are not contained in L and Theorem 4.5 does not hold
for those vectors. Although the result is true, it is actually highly non-trivial.

Proposition 4.11. ([1, Corollary 4.27]) Let X and Y be compact topological spaces.
Consider continuous maps f = (f1, ..., fd) : X → Rd, g = (g1, ..., gd) : X → Rd.
Then

dB(B(fi),B(gi)) ≤ dL(f, g),

for any i ∈ {1, ..., d}.

In [1], the authors introduce another distance called the k-sliced convolution distance.

Definition 4.12 (linear k-sliced convolution distance). The linear k-sliced convolu-
tion distance between continuous maps f : X → Rd and g : Y → Rd is

Sk(f, g) =
1

vol(L)

(∫
L
supkj∈NdB(Bj(p ◦ f),Bj(p ◦ g))dp

) 1
k

.

4.3 Implementation

We provide the details to the implementation. We consider a restricted framework
given by 2-Wasserstein linear integral sheaf metrics and use a Tensorflow automatic-
differentiation, built on top of M. Carrière’s repository.
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p dW

· ◦ g

Φf
F (·) S(·)

Φg
F (·)

· ◦ f

S(·)

Bj(·)

Bj(·)

Figure 13: Auto-differentiation tree for LISM computation.

In the context of computing an integral sheaf metric, one is given two functions
f : K0

1 → Rd and g : K0
2 → Rd defined on the vertices of finite (geometric) simplicial

complexes K1 and K2. One can extend those functions two piecewise-linear maps
(similarly denoted) f : |K1| → Rd and g : |K2| → Rd. Note that |K1| and |K2|
compact topological spaces.

Two families {fp}p∈L and {gp}p∈L induce parametrized families of filtrations

Φf
L : L → R|K| : p 7→ (fp(σ1), · · · , fp(σ|K|),

Φg
L : L → R|K| : p 7→ (gp(σ1), · · · , gp(σ|K|).

We are interested in maximizing the functional

Lj → R : p 7→ dB(Bj(p ◦ f),Bj(p ◦ g)).

The gradient computation can be implemented with a subgradient algorithm with
iterations of the form 1, since an explicit gradient formula was provided. However,
we choose to rely on the topological automatic differentiation algorithm whose tree
is shown in Figure 13, and implemented with TensorFlow.

4.3.1 Wasserstein integral sheaf metrics

One may consider the setting of integral sheaf metrics by replacing the Bottleneck
distance dB with the so-called (see Definition 2.10) 2-Wasserstein distance. All men-
tioned results and reasoning hold. For example, the map

E : R2p × Rq → R : D 7→ dW (D,D′)

is also a function of persistence making the functional

Lj : L → R : p 7→ dW (Bj(p ◦ f), D′)
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locally Lipschitz, and thus the topological optimization convergence results hold for

T j
f,g : L → R : p 7→ dW (Bj(p ◦ f),Bj(p ◦ g))

too (see Section 4.3.4). There are two main advantages to do so. First, the Wasser-
stein integral sheaf metric admits a more compact gradient derivation and is thus
more fit to optimization machine learning tasks. Second, by definition, the 2-
Wasserstein distance is a more sensitive measure than the Bottleneck distance as
it takes into account all differences accounted for by an optimal matching, as op-
posed to the Bottleneck distance, which only considers one difference.

Definition 4.13 (Wasserstein F-integral sheaf metric). Let F ⊂ C0(Rd). For two
continuous maps f, g : X → R, one defines the Wasserstein F-integral sheaf metric
as

dF(f, g) = supp∈Fsupj∈NdW (Bj(p ◦ f),Bj(p ◦ g)).

In this section, we shall consider only Wasserstein integral sheaf metrics. For sim-
plicity, we will only speak of integral sheaf metrics.

Definition 4.14 (Wasserstein matching). A Wasserstein matching between two per-
sistence diagrams D1 and D2 is a matching µ : D1 → D2 such that

dW (D1, D2)
2 =

∑
p∈D1

∥p− µ(p)∥22.

Proposition 4.15. Let k ∈ {1, 2}. Consider the functionals given by

d1W : D1 7→ dW (D1, D2) and d2W : D2 7→ dW (D1, D2).

Then, for any e ∈ Dk, one has ∂dkW
∂e (D1, D2) = 2(e− µ(e)), where µ : D1 → D2 is a

Wasserstein matching.

It follows that

∇T j
f,g(p) =

∑
b∈Ej

1,
b birth

∂d1W
∂b

(
Bj(fp),Bj(gp)

)
∇b(p) +

∑
d∈Ej

1,
d death

∂d1W
∂d

(
Bj(fp),Bj(gp)

)
∇d(p)

+
∑
b∈Ej

2,
b birth

∂d2W
∂b

(
Bj(fp),Bj(gp)

)
∇b(p) +

∑
d∈Ej

2,
d death

∂d2W
∂d

(
Bj(fp),Bj(gp)

)
∇d(p)
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and thus, using Proposition 2.40 and Proposition 4.15, one has

∇T j
f,g(p) =

∑
b∈Ej

1,
b birth

2(b− µ(b))∇fp(ρp1(b)) +
∑
d∈Ej

1,
d death

2(d− µ(d))∇fp(ρp1(d))

+
∑
b∈Ej

2,
b birth

2(b− µ(b))∇fp(ρp2(b)) +
∑
d∈Ej

2,
d death

2(d− µ(d))∇fp(ρp2(d)),

where µ : E1 → E2 is a Wasserstein matching. Now, with the scalar product action
hu =

∑
i uihi for any continuous function h : K → Rd, one has that

∇fp(ρp1(b)) =
(
∂fp
∂p1

(ρp1(b)), ...,
∂fp
∂pd

(ρp1(b))

)T

=

f1(ρ
p
1(b))
...

fd(ρ
p
1(b))

 = f(ρp1(b))

and similarly for the terms ∇fp(ρp1(d)), ∇gp(ρ
p
2(b)) and ∇gp(ρp2(d)).

Finally, one obtains

Gradient formula for 2-Wasserstein LISM computation

∇T j
f,g(p) =

∑
b∈Ej

1,
b birth

2(b− µ(b))f(ρp1(b)) +
∑
d∈Ej

1,
d death

2(d− µ(d))f(ρp1(d))

+
∑
b∈Ej

2,
b birth

2(b− µ(b))g(ρp2(b)) +
∑
d∈Ej

2,
d death

2(d− µ(d))g(ρp2(d)),

where µ : E1 → E2 is a Wasserstein matching.

4.3.2 Further computations for the (Bottleneck) LISM

For completeness, we also compute the gradient of the functional T j
f,g for the case of

the Bottleneck distance, i.e. of the map

T j
f,g : L → R : p 7→ dB(Bj(p ◦ f),Bj(p ◦ g)).

Upon setting E = dB, the results of Section 2.3.2 yield the following.

∇T j
f,g(p) =

∑
e∈Ej

1

∂dB
∂e

(Bj
1(p),B

j
2(p))∇fp(ρ

p
1(b)) +

∑
e∈Ej

2

∂dB
∂e

(Bj
1(p),B

j
2(p))∇gp(ρ

p
2(b)).
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Note. We assume that in a persistence diagram D, all endpoints are unique. Hence,
to a birth b ∈ D (resp. a death d ∈ D), one can associate a unique point (b, d) ∈ D.

Proposition 4.16. ([21]) Consider a birth bi ∈ Ej
1, and let µ : Ej

2 → Ej
1 be a

Bottleneck matching. Let pmax = (bmax, dmax) = argmax{d(p, µ(p)) | p ∈ Ej
2} and

p′max = (b′max, d
′
max) = µ(pmax).

If pi = (bi, di) = pmax and |bmax − b′max| > |dmax − d′max|, then

∂dB
∂bi

(Bj
1(p),B

j
2(p)) =

{
1 if bi < µ(bi),
−1 otherwise.

If pi = (bi, di) ̸= pmax or |bmax − b′max| ≤ |dmax − d′max|, then

∂dB
∂bi

(Bj
1(p),B

j
2(p)) = 0.

One can derive similar results for di ∈ Ej
1, bi ∈ Ej

2 or di ∈ Ej
2. For any e ∈ Ej

1 ∪E
j
2,

we simplify the notation by writing

A(e) :=
∂dB
∂e

(Bj
1(p),B

j
2(p)).

Consider a Bottleneck matching µ : Ej
2 → Ej

1. Define the point

pmax = (bmax, dmax) = argmax
p∈Ej

2
∥p− µ(p)∥2 ∈ Ej

2

and set p′max = (b′max, d
′
max) = µ(pmax) ∈ Ej

1. We use the following notation.

• Let A denote the event that |bmax − b′max| > |dmax − d′max|.

• Let B denote the event that |bmax − b′max| < |dmax − d′max|.

• For an event C, one writes

1C =

{
1 if C holds,
0 otherwise.

All in all, by distinguishing when e ∈ Ej
1∪E

j
2 is a birth or a death point, Proposition

4.16 and its analog cases yield

∇T j
f,g(p) =

∑
bi∈Ej

1,
bi birth

A(bi)∇fp(ρp1(b)) +
∑

di∈Ej
1,

di death

A(di)∇fp(ρp1(b))

+
∑

bi∈Ej
2,

bi birth

A(bi)∇gp(ρp2(b)) +
∑

di∈Ej
2,

di death

A(di)∇gp(ρp2(b)).
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It follows that

∇T j
f,g(p) = 1A ·

(
sgn(b′max − bmax) ·

(
∇fp(ρp1(bmax))−∇gp(ρp2(b

′
max))

))
+ 1B ·

(
sgn(d′max − dmax) ·

(
∇fp(ρp1(dmax))−∇gp(ρp2(d

′
max))

))
.

Here, sgn denotes the sign function defined with sgn(x) = 1 if x > 0, sgn(x) = −1 if
x < 0 and sgn(0) = 0 for any x ∈ R. Note that if neither condition A nor condition
B holds, then one has ∂T j

∂p (p) = 0. Finally, one obtains the formula

Gradient formula for (Bottleneck) LISM computation

∇T j
f,g(p) = 1A ·

(
sgn(b′max − bmax) ·

(
f(ρp1(bmax))− g(ρp2(b

′
max))

))
+ 1B ·

(
sgn(d′max − dmax) ·

(
f(ρp1(dmax))− g(ρp2(d

′
max))

))
.

4.3.3 Estimating the sliced convolution distance

Linear 1-sliced convolution distance S1. Concretely, we are interested in the
2-Wasserstein version of S1, which is approximated with a Monte Carlo integral. We
present the fundamental reasoning and result of the theory of Monte Carlo methods,
and refer to [22] for a rigorous introduction to the subject.

Convention. For simplicity, the normalization factor 1
vol(L) in the definition of the

k-sliced convolution distance Sk is omitted for the rest of this section.

Consider two continuous functions f : X → Rd and g : Y → Rd. Denoting by T j
f,g

the functional L → R : p 7→ dW (Bj(fp),Bj(gp)), one can write

S1(f, g) =

∫
L
sup
j∈N

T j
f,g(p)dp.

Now, consider an integral

I(φ) =

∫
Ω
φ(x)dx,

where φ : Rd → R is a continuous function and Ω ⊆ Rd is a domain. The idea
behind Monte Carlo integration is based on the concept of expectation of a random
variable of the form ψ(X). More precisely, let X be a random variable taking values
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in a domain Ω ⊆ Rd, with density function φX , and let ψ : Rd → R be a continuous
function. Then the expectation of the random variable ψ(X) is given by

E[ψ(X)] =

∫
Ω
ψ(x)φX(x)dx.

Theorem 4.17 (Central limit). Let {Xi}i∈N be independent and identically dis-
tributed random variables with E[Xi] = µ and Var(Xi) = σ2. Then, in the L2 norm,

1

n

n∑
i=1

Xi → µ.

Given a function ψ : Rn → R such that ψφX = φ, one has

E[ψ(X)] =

∫
Ω
ψ(x)φX(x)dx =

∫
Ω
φ(x)dx = I(φ).

As a consequence, the arithmetic mean of the collection {ψ(Xi)}ni=1 converges to the
integral I(φ). In our case, we consider

• φ : L → R with φ(p) = supj∈N T j
f,g(p)

• ψ : L → R with ψ(p) = Area(L) supj∈N T j
f,g(p)

• φP : L → R with φP (p) =
1

Area(L) (P ∼ U(L), the uniform distribution on L)

Here, Area(L) denotes the area of L, and n ∈ N is a large number.

To summarize, we estimate the quantity S1(f, g) with the empirical mean

Ŝ1(f, g) =
1

n

n∑
i=1

ψ(Pi),

where {Pi}i∈N is a collection of independent and identically distributed random vari-
ables following a uniform law on L. Note that L ⊂ Rd can be written as the restriction
of the hypersurface

{(x1, ..., xd) ∈ Rd |
d∑

i=1

xi = 1} ⊂ Rd

to Rd
+. Generally speaking, one has the following result.

Theorem 4.18 (Area of hypersurface). Consider a differentiable function f : Rd−1 →
R. The area of the hypersurface S ⊂ Rd given by the equation f(x1, ..., xd−1) = xd is

Area(S) =

∫ √
1 + ∥∇f∥22.
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In our case, we want to parametrize the hypersurface S = {(x1, ..., xd) ∈ Rd |∑d
i=1 xi = 1} ⊂ Rd. To this end, we consider the function f(x1, ..., xd−1) =

−
∑d−1

i=1 xi + 1). Applying Theorem 4.18, one finds that

Area(S) =

∫ 1

−1

√
1 + ∥∇f∥22

=

∫ 1

−1

√√√√1 +

d−1∑
i=1

(−1)2

=

∫ 1

−1

√
d

= 2
√
d.

In the case d = 2, for example, one has

Area(L) =
Area(S)

2
=

√
2.

In the case d = 3, one has

Area(L) =
Area(S)

4
=

√
3

2
.

4.3.4 Convergence of subgradient algorithm

Proposition 4.19. ([1, Corollary 6.14]) The functional

T j
f,g : L → R : p 7→ dW (Bj(p ◦ f),Bj(p ◦ g)).

is Lipschitz.

Hence, the Rademacher theorem (Theorem 2.20), together with Proposition 4.19,
ensure that T j

f,g is differentiable almost everywhere and one can use the subgradient
algorithm with iterations of the form 1, that respect Assumption A.

Black box. The map T j
f,g is Cd-stratifiable.

As a consequence of Theorem 2.26, one has the following.

Theorem 4.20. Consider two PL maps f : K1 → Rd and g : K2 → Rd, and

T j
f,g : L → R : p 7→ dW (Bj(p ◦ f),Bj(p ◦ g)).

Consider the subgradient algorithm with iterations of the form 1. Then, provided that
Assumption A is satisfied, almost surely, one has

(pk)k → lim
k→∞

pk ∈ Crit(T j
f,g),

and (T j
f,g(pk))k converges.

Remark 4.1. One can replace dW with dB in the theorem above.
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5 Applications

There are several ways to use projected barcodes in real world data analysis problems.
For instance, one can perform unsupervised learning to classify graphs (simplicial
complexes) or images (cubical complexes) that come together with a multi-filtration.

5.1 Image Analysis

We study the classification of the MNIST dataset. More precisely, we perform un-
supervised learning on images of hand-written digits, represented as arrays of size
28×28. We present two main pipelines, namely the standard TDA pipeline, in which
one assigns a topological signature to an image ([15]), and the LISM pipeline, in
which one compute pairwise distance between images, based on their projected bar-
code. We also implement a method based on the sliced convolution distance.

Note. An image I ∈ Rn×n can also be seen as a map ϕI : [n] × [n] → R with
ϕI(i, j) = Iij . Here, one writes [n] = {1, ..., n} for any integer n ∈ N. We will often
write I(ij) to denote the value Iij = ϕI(i, j), for any two indices i, j ∈ [n].

5.1.1 Image filtrations

Given an image I ∈ Rn×n, examples of relevant filtrations include the family of height
and radial filtrations introduced below. Another choice of filtration is the gray-scale
filtration, denoted Igray, that simply returns the original image, i.e. Igray = I. Both
families of height and radial filtrations are based on the so-called binary filtration.

Definition 5.1 (Binary filtration). Consider an image I ∈ Rn×n and a threshold
t ∈]0, 1[. The t-binary filtration of I is the image Bt ∈ Rn×n given by

Bt(i, j) =

{
0 if I(ij) < t

1 if I(ij) ≥ t.

When unspecified, the threshold is always set to t = 0.4 and write B = Bt.

Definition 5.2 (Radial filtration). Consider an image I ∈ Rn×n. Given a center
c ∈ [n]× [n], the c-radial filtration of I is the image Rc ∈ Rn×n given by

Rc(i, j) =

∥c−

(
i

j

)
∥2 if B(i, j) = 1

R∞ if B(i, j) = 0,

where R∞ is the maximum of the distances of pixels to the center.

For a unitary vector v ∈ R2, we denote by Pv ⊂ R2 the hyperplane defined by v. In
other words, we set Pv = {x ∈ R2 | ⟨x, v⟩ = 0}.
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Definition 5.3 (Height filtration). Consider an image I ∈ Rn×n. Given a norm-one
direction v ∈ Rd, the v-height filtration of I is the image Hv ∈ Rn×n given by

Hv(i, j) =

⟨

(
i

j

)
, v⟩ if B(i, j) = 1

H∞ if B(i, j) = 0,

where H∞ is the value of the pixel that is the farthest from the hyperplane Pv. Here,

we write ⟨
(
i
j

)
, v⟩ = iv1 + jv2, with v = (v1, v2).

Filtrations. Note that, in this section, a filtration is a transformed image, and thus
a functor (R,⪯) → (Top,⊆). Indeed, consider an image I viewed as a function
ϕI : [n]× [n] → R. Denoting by K a cubical complex built on the grid [n]× [n], one
can obtain a linear extension fI : |K| → R. This implicitly gives rise to the functor

FI :
(R,⪯) → (Top,⊆)

a 7→ {x ∈ |K| | f(x) ≤ a}.

In this section, one looks at functions defined on cubical complexes, as those are the
topological objects that are most fit to image analysis in machine learning. Cubical
complexes are analogous to simplicial complexes, but built with cubes instead of
simplices. We refer to [18] for a rigorous introduction to cubical homology, and to
[10] for a presentation of cubical homology-based machine learning.

5.1.2 Standard TDA pipeline

In [15], the authors propose a general TDA pipeline for the classification of the
MNIST digits. It is based on the following principle. To an image I ∈ Rn×n, one can
associate a filtration Ifilt ∈ Rn×n capturing some specific feature, and look at the so-
called 2-Wasserstein amplitude, denoted AW (·), of the resulting cubical persistence
diagram BCub(Ifilt).

The p-Wasserstein distance of a persistence diagram is defined as its p-Wasserstein
distance to the empty diagram (with only the diagonal), multiplied by a factor

√
2
2 .

Definition 5.4 (p-Wasserstein amplitude). Consider a persistence diagram D =
{(bi, di)}Ni=1. The p-Wasserstein amplitude of D is defined as

AWp(D) =

√
2

2
∥d̄− b̄∥p,

where b̄ = (b1, ..., bN ) and d̄ = (d1, ..., dN ).
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N digit images
Ik : Rn×n → R

N filtrations
fk : Rn×n → R

amplitude vector
ak = AW

(
fk
) K-means

algorithm

Figure 14: Image-processing TDA pipeline for MNIST classification ([15]).

+

original image
I : Rn×n → [0, 1]

binarized image
B : Rn×n → {0, 1}

2-filtration f = (H(1,0), R(6,6))
with f : Rn×n×2 → [0, 1]

optimal filtration
fp : Rn×n → [0, 1]

Figure 15: Image processing of a digit during LISM computation between images of a
zero and an eight. The experiment is done with a bi-filtration given by (H(1,0), R(6,6)).

Notation. When p = 2, one omits the index and writes AW (·) = AW2(·).

The standard TDA image processing pipeline is illustrated in Figure 14.

General idea. The idea is to assign a topological signature to an image. Con-
cretely, given an image I ∈ Rn×n, one can choose a to apply a radial filtration or a
height filtration to I, and obtain a filtration f : Rn×n → R. Then, one computes the
2-Wasserstein amplitude of the cubical persistence diagram of f : AW (B(f)). Now,
given N images, one obtains a vector of N amplitudes. A clustering algorithm can
then perform unsupervised classification on this vector.

In [15], the authors make a list of the eight most important uncorrelated features
(filtrations). The idea is to study how some of those features can by combined for
classification through the LISM pipeline. The motivation behind this is the fact
that some features perform well when comparing two different classes of labels, but
fail to classify images when confronted with more classes. The LISM pipeline takes
advantage of several features by combining their information.

5.1.3 LISM pipeline

In this subsection, we present the main benchmarking application of this work.
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Figure 16: Optimization summary for a LISM computation with d = 2 in 1-homology.
From left to right : (1) dW distance evolution (2) projection evolution (3) 1rst per-
sistence diagram evolution (4) 2nd persistence diagram evolution.

General idea. Concretely, given a pair of images I, J ∈ Rn×n, one can obtain a
multi-filtration f = (f1, ..., fd) : Rn×n → Rd. For i ∈ {1, ..., d}, set Ik = fk(I) and
Jk = fk(J). By optimizing over linear forms p ∈ L, one can compute a linear combi-
nations that maximizes the 2-Wasserstein distance between the cubical persistence
diagrams associated to

∑d
i=1 piIi and

∑d
i=1 piJi. In other words, we search for the

optimal linear form

argmaxp∈LdW

( d∑
i=1

piIi,
d∑

i=1

piJi

)
.

The LISM pipeline is represented in Figure 17. In the implementation, we control
the norm of the parameter p by considering the regularized optimization problem

argmaxp∈R2
+
dW

( d∑
i=1

piIi,

d∑
i=1

piJi

)
− λ(∥p∥1 − 1)2,

where λ > 0 is a heavily-weighted hyper-parameter. There are other ways of ensur-
ing p has norm ∥p∥1 = 1 with TensorFlow, like using the tf.keras.constraints
module or by implementing a projected gradient descent. It turns out that, for our
experiments, using the regularizer hyper-parameter λ = 1 and projecting onto L at
the last step T of the descent (i.e. setting popt = pT

∥pT ∥1 ) approximates the optimal
linear form very well. To observe this, we ran proof-check simulations with both the
optimization process and a grid search method.

Now, to classify a collection of N images {Ik}Nk=1 ⊂ Rn×n, one computes a family
of image-induced multi-filtrations {fk : Rn×n → Rd}Nk=1, and computes the distance
matrix D = (dkl)

N
k,l=1 with

dkl = dL(f
k, f l).
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N digit images
Ik : Rn×n → R

N functions
fk : Rn×n×d → R

LISM matrix
dkl = dF

(
fk, f l

) K-means
algorithm

Figure 17: LISM pipeline

One can feed this distance matrix as input to a clustering algorithm.

Example. Let n = 28 and d = 2. Consider the size-n × n image representations
of the hand-written zero and the hand-written eight shown in Figure 15 (left-most
step), denoted I and J respectively. Let

f = (f1, f2) = (R(13,13)(I), H(0,1)(I)) : Rn×n → R2,

g = (g1, g2) = (R(13,13)(J), H(0,1)(J)) : Rn×n → R2.

Figure 15 shows the filtrating process of the two digits, as well as the optimized
images (right-most step). More precisely, the right-most zero and eight respectively
represent the projected bi-filtrations

fp̂ = p̂1f1 + p̂2f2 : Rn×n → R,

gp̂ = p̂1g1 + p̂2g2 : Rn×n → R,

where p̂ = argmaxp∈LdW (fp, gp).

Visualization feature for single LISM computation. In Figure 16, we show
the optimization process for the case of a 2-filtration given by R(13,13) andH(0,1), in 1-
homology. From left to right, the first plot represents the curve y(t) = dW (B1(fpt),B1(gpt))
for t = 1, ..., Nsteps. The second plot shows the evolution of the projection pt ∈ R2,
with a color scale varying along the gradient descent steps. Now, each projection
is normalized before being plotted, but in practice, we only have ∥pt∥ ≃ 1 : the
norm is controlled with a regularizer λ(∥p∥− 1)22 (with λ = 1). The third and fourth
plots are scatter plots showing the evolution of the persistence diagrams associated
to the fp : Rn×n → R and gp : Rn×n → R, respectively. To summarize, we plot the
following, where N is the number of steps in the optimization :

1. First plot : curve y(t) = dW (B1(fpt),B1(gpt)) for t = 1, ..., N

2. Second plot : scatter plot (pt)
N
t=1 ⊂ R2

3. Third plot : scatter plot (B1(fpt))
N
t=1

4. Fourth plot : scatter plot (B1(gpt))
N
t=1
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Figure 18: Heat maps of the Wasserstein and LISM distance matrices. The right
matrix is D = (dij)

N
i,j=1, where dij = dL(I

i, Ij). For this example, we took N = 50

images (Ik)Nk=1 and consider filtrations H(0,1) and R(13,0). The matrices are block-
organized, in the sense that the images are grouped according to their true label.

Visualization feature of distance matrices. Consider the binary classification
of digits of 6s and 9s, with filtrations R(13,0) and H(0,1). Figure 18 reports heat maps
of three distance matrices

DR = (dW (fk1 , f
l
1)

N
k,l=1,

DH = (dW (fk2 , f
l
2)

N
k,l=1,

D = (dL(f
k, f l))Nk,l=1,

where fm1 = R(13,0)(Im), fm2 = H(0,1)(Im) and fm = (fm1 , f
m
2 ).

Clustering. For N images, one obtains a distance matrix of size N ×N , that can
be fed as input to a clustering algorithm. We choose to use the K-means clustering
algorithm, if the N images are distributed among K classes.

Results. Table 1 reports the results of LISM tasks for MNIST classification and
compares them with corresponding 1-dimensional subproblems. Given any multi-
filtration (f1, ..., fd), the LISM performs better than the filtrations fi individually.
In cases where the single-filtrations complement each other and are not highly cor-
related, the LISM effectively boosts the classification accuracy.

5.1.4 Interpretation and multi-dimensional scaling

For MNIST classification, the standard TDA pipeline with a single well-chosen 1-
filtration can sucessfully tackle the problem if there are only two or three digit classes.
However, one can increase the complexity of the task by adding more classes. For
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metric multi-filtration N digits dimension accuracy
dW H(0,1) 50 (6, 9) 1 90%

dW R(13,0) 50 (6, 9) 1 92%

dL (H(0,1), R(13,0)) 50 (6, 9) 1 94%

dW R(6,20) 50 (0, 1, 8) 1 94%

dW R(20,13) 50 (0, 1, 8) 1 94%

dL (R(6,20), R(20,13)) 50 (0, 1, 8) 1 94%

dW R(13,13) 100 (1, 3, 8) 0 57%

dW H(1,0) 100 (1, 3, 8) 0 68%

dL (R(13,13), H(1,0)) 100 (1, 3, 8) 0 71%

dW R(13,13) 100 (1, 3, 8) 0, 1 57%

dW H(1,0) 100 (1, 3, 8) 0, 1 90%

dL (R(13,13), H(1,0)) 100 (1, 3, 8) 0, 1 92%

dW R(6,20) 100 (0, 2, 8, 9) 0, 1 56%

dW H(0,1) 100 (0, 2, 8, 9) 0, 1 65%

dL (R(6,20), H(0,1)) 100 (0, 2, 8, 9) 0, 1 74%

dW R(13,13) 100 (3, 6, 8, 9) 0, 1 60%

dW H(0,1) 100 (3, 6, 8, 9) 0, 1 73%

dL (R(13,13), H(0,1)) 100 (3, 6, 8, 9) 0, 1 81%

dW R(6,20) 100 (0, 2, 8, 9) 1 56%

dW H(0,1) 100 (0, 2, 8, 9) 1 67%

dW R(6,6) 100 (0, 2, 8, 9) 1 74%

dL (R(6,20), H(0,1), R(6,6)) 100 (0, 2, 8, 9) 1 76%

dW R(6,20) 100 (0, 2, 8, 9) 1 56%

dW H(0,1) 100 (0, 2, 8, 9) 1 67%

dW R(6,6) 100 (0, 2, 8, 9) 1 74%

S1 (R(6,20), H(0,1), R(6,6)) 100 (0, 2, 8, 9) 1 76%

Table 1: Results for MNIST classification
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example, classifying digits in {3, 6, 8, 9} requires more features (filtrations). The
advantage of the projected barcode is that it combines information from several fil-
trations, making it both a dimensional-reduction tool and a way to extract interesting
filtrations from a set of pre-existing features. To illustrate this phenomenon, we use
multi-dimensional scaling (MDS) embeddings of distance matrices.

Multi-dimensional scaling. Multi-dimensional scaling (MDS) is an instance of
non-linear dimensionality reduction methods. MDS plays an important role in data
visualization and is a key concept in the domain of manifold learning [16]. It pro-
vides a way of visualizing a notion of distance or dissimilarity within a given data
set. More precisely, given a distance matrix of size N ×N containing pairwise dis-
tance between points of a data sample of N points, the MDS method computes an
embedding of these N points into a low-dimension Euclidean space. In this work, we
use the method sklearn.manifold.MDS to visualize how far away two images are,
according to different metrics, namely dW , dL and S1.

A specific example. In this example, we consider N images {Ik}Nk=1 distributed
among four classes, namely digits in {3, 6, 8, 9}. We consider both 0-dimensional
homology and 1-dimensional homology. We study the behavior of the LISM pipeline
for the two filtrations given by R(13,13) and H(0,1), in comparison with the standard
Wasserstein distance matrices for each of these filtrations. Figure 20 shows, from
top to bottom, the MDS embedding of the distance matrices

DR = (dW (fk1 , f
l
1)

N
k,l=1,

DH = (dW (fk2 , f
l
2)

N
k,l=1,

D = (dL(f
k, f l))Nk,l=1,

where fm1 = R(13,13)(Im), fm2 = H(0,1)(Im) and fm = (fm1 , f
m
2 ). Results are shown

in Table 2 and the heat maps of the matrices are displayed in Figure 19. The
projected barcode construction successfully combines the information of both the
height and radial filtration and effectively boosts the classification accuracy. Both
the heat maps and the MDS embeddings allow to understand why. The heat maps
are block-organized, in the sense that they store distances dij, where the data sample
is ordered by label. More precisely, for this example, if Lab is the vector of labels
corresponding to the images {Ik}Nk=1, then one has

Lab = {3, ..., 3, 6, ..., 6, 8, ..., 8, 9, ..., 9}

. This means that, the more the the classification is accurate, the more the corre-
sponding matrix will present distinguished blocks. For example, the three matrices
in Figure 19 have a red block for the first 30 entries. This is because all the images
with label 3 look alike, and thus their pairwise differences are very low (the red color
denotes close-to-zero values). Now, in the first (left) distance matrix, one can see two
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metric multi-filtration N digits dimension accuracy
dW R(13,13) 100 (3, 6, 8, 9) 0, 1 60%

dW H(0,1) 100 (3, 6, 8, 9) 0, 1 73%

dL (R(13,13), H(0,1)) 100 (3, 6, 8, 9) 0, 1 81%

Table 2: Results for the example in Section 5.1.4.

Figure 19: Heat maps of distance matrices for example in Section 5.1.4. From left
to right : (1) Wasserstein distance matrix for the R(13,13) filtration, (2) Wasserstein
distance matrix for the H(0,1) filtration, and (3) LISM distance matrix for the corre-
sponding 2-filtration. The setting involves N = 100 images with labels in {3, 6, 8, 9}
and both 0-homology and 1-homology.

red blocks that should not appear in an ideal classification. Those two red blocks
are the pairwise entries between images with labels 6 and 9. This is coherent with
the first MDS plot : labels of 6 and 9 are not distinguished at all. The main trick
lies in the fact that, together, the height and radial filtrations understand more dif-
ferences than individually, and complement each other. For instance, although the
radial filtration fails to establish a difference between images with labels 6 and 9, the
height filtration does, and thus the linear integral sheaf metric does too. Intuitively,
given a multi-filtration (f1, ..., fd), if each pair of labels is effectively distinguished
by at least one of the single-filtrations, then the linear integral sheaf metric performs
successfully at distinguishing all labels.

5.1.5 Further considerations

Sliced convolution distance. We also reproduce the experiments by replacing dL
with the 1-sliced convolution distance S1. Results are reported in Table 1. Roughly
speaking, the sliced convolution distance takes into account all «intermediary» fil-
trations, as opposed to the LISM, which only considers an optimal filtration. This
means, intuitively, that the sliced convolution distance takes account of the differ-
ences between two images, from a variety of features, whereas the LISM considers
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Figure 20: MDS embeddings visualization for example in Section 5.1.4. From top to
bottom : (1) embedding of the Wasserstein distance matrix for the R(13,13) filtration,
(2) embedding of the Wasserstein distance matrix for the H(0,1) filtration, and (3)
embedding of the LISM distance matrix for the corresponding 2-filtration. The
setting involvesN = 100 images with labels in {3, 6, 8, 9} and both 0 and 1-homology.
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Figure 21: Optimization summary for a LISM computation with d = 2 in 1-homology.
From left to right : (1) dW distance evolution (2) projection evolution (3) 1rst persis-
tence diagram evolution (4) 2nd persistence diagram evolution. Here, the optimiza-
tion ranges over projections in the set {x ∈ Rd

+ | ∥x∥2 = 1} (i.e. the ∥ · ∥2-version of
the set {x ∈ Rd

+ | ∥x∥1 = 1}).

only the feature that makes two images the furthest apart from one another.

A word on optimization. Computing a LISM involves an optimization objective
restricted to the set L ∼= {x ∈ Rd

+ | ∥x∥1 = 1}. As mentioned above, in the
implementation, this constraint is respected through regularization of the projection
norm. Experimentally, one can observe that the ∥ · ∥2-variant of the problem, that
is with constraint set equal to {x ∈ Rd

+ | ∥x∥2 = 1}, presents an optimization
landscape that is both smoother and presents nicer convexity properties (see Figure
21). Convergence to critical points of the loss function is achieved in both cases, but
in the first one, the evolution of the projection coordinates during optimization is
somewhat erratic and irregular. This behavior is, however, well-understood in the
theory of the dynamics of subgradient method for Whitney stratifiable and locally
Lipschitz functions [3].

6 Conclusion

The quest for stable and computable invariants in multi-parameter persistent ho-
mology is an ongoing project for the computational topology community. The class
of projected barcodes, together with integral sheaf metrics, introduced by Nicolas
Berkouk and François Petit, aims at solving problems encountered with the current
invariants for multi-parameter persistence. Through the language of sheaf theory,
they show that the projected barcodes not only present theoretical properties making
them stable and computable, but also generalize the fibered barcode construction.
In this work, we start by recalling the fundamental results of multi-persistent ho-
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mology, present the current state-of-the-art invariants, namely the fibered barcode
and its equivalent, the rank invariant. We motivate the quest for new invariants
and introduce projected barcodes and integral sheaf metrics for multi-parameter
persistence modules. The main aspect of this project is to implement the so-called
linear projected barcode and linear integral sheaf metric. Details to both theo-
retical and practical frameworks are provided. More precisely, we used the recent
advances in topological optimization machine learning to formulate a convergence
result for the dynamic of the subgradient algorithm designed to compute linear inte-
gral sheaf distances. Implementing this algorithm is done via regularized automatic-
differentiation. The final part of this work involves benchmarking the linear pro-
jected barcode construction by studying applications to image classification. In this
last part, we create an image-processing pipeline and interpret the behavior of lin-
ear integral sheaf metrics in the context of image analysis. We show how one can
use the linear projected barcode to extract new features for MNIST classification
and train a machine learning model. The implementation, together with illustrative
notebooks and reproducible experiments will soon be made publicly available at this
GitHub account (note : a part of the implementation is built on top of Mathieu
Carrière’s difftda Github Repository, that contains a nice topological optimization
framework).

6.1 Future work

The work of N. Berkouk and F. Petit opens a new gate in multi-persistent homology.
This project can be continued by investigating the following aspects and directions.

1. Extend the optimization framework to Vietoris-Rips filtrations. The Vietoris-
Rips filtrations fall within the considerations of the optimization framework in
[8], and thus theoretical convergence of subgradient methods is guaranteed.

2. Consider extended persistence instead of post-processing diagrams. A lot of
information is lost when processing diagrams by discarding their essential parts.
A remedy to this is to consider extended persistence.

3. Extend the optimization framework to include push maps pushL. Note that we
are not far away from this. Indeed, consider a line L ∈ Λ for d = 2, passing
through the origin and parametrized as γ(t) = mt. Then one has

pushL(x1, x2) =

{
x2
m if (x1, x2) ∈ L+

mx1 if (x1, x2) ∈ L−,

where L+ and L− denote the parts of R2 that are above and below L, respec-
tively. In other words, pushL|L+ = (0, 1

m) and pushL|L− = (m, 0) in terms
of projections (p1, p2). The similar reasoning works in higher dimensions, and
thus one just needs to optimize over a class F made a piecewise projections.
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However, note that the theoretical behaviour of push maps remains not under-
stood (this goes behind the scope of this work, but the idea is that the key
formula Rp∗(f) = S(p ◦ f) in [1], that is valid for p ∈ L, may not hold in
general for push maps).

4. Make a rigorous study of the algorithmic complexity of LISM computation.
One can study the complexity of computing one single gradient of the form
∂dW
∂p through the forward and backward passes that occur in the automatic-

differentiation tree shown in Figure 13.

5. Consider further applications to graph analysis. In applications, there is a
variety of data sets containing graphs with multi-filtrations defined on their
0-skeleton. One can perform various graph classification tasks. Note that this
setting is already implemented.

6. Integrate the LISM concept in more complex machine learning pipelines. One
could think of training a model. Suppose we are given N images (Ik)Nk=1 ⊂
Rn×n, each having a label Lk ∈ {1, ...,m}. Consider a choice of d filtration
functions, so that one obtains N2 pairs of d-filtrations. Now, for each pair
(k, l) ∈ [N ]× [N ], the projected barcode method returns an optimal projection
pk,l ∈ Rd. For each pair of classes (a, b) ∈ [m]× [m], define

pa,b =
1

Ca,b

N∑
k,l=1

Lk=a,Ll=b

pk,l,

where Ca,b = {(k, l) ∈ [N ] × [N ] | Lk = a, Ll = b}. This way, for each
pair of digit labels, we store a new filtration (or feature) that is designed to
distinguish between those two labels specifically. This provides us with a new
class of features of images, made of linear combinations of radial and height
filtrations.
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